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Abstract
Spider dragline silk features an unusual combination of high strength, extensibility and
stiffness, which outperforms some of the best materials known in terms of its mechanical
performance. It is as strong as high-carbon steel, has a higher extensibility than the
best commercial nylon filaments, and is tougher than Kevlar. For these reasons, dragline
silk serves as a benchmark of modern polymer fiber technology, and the mass-production
of a biomimetic material is of high interest. Developing artificial silk, however, requires
a better understanding of the underlying molecular structure of silk that leads to the
mechanical properties and the mechanism by which nature assembles this structure.
Therefore, the aim of this research work is to understand the unique mechanical proper-
ties of spider silk fibers using a bottom-up computational approach. The threads of the
European garden spider Araneus diadematus , the most studied spider species, was consid-
ered for this work, more specifically the dragline spider silk. The hierarchical structure of
dragline silk is composed of two major constituents, the amorphous phase and crystalline
units, and its mechanical response has been attributed to these prime constituents.
First, the mechanical behavior of the stiff crystalline units were analyzed from previous
all atom simulations, and incorporated into finite element simulations. It is found that
the strength of a silk fiber is mainly due to the embedded crystalline units, which are
acting as crosslinks of silk proteins in the fiber. In contrast to crystalline units, the large
extensibility and viscous behavior as evidenced by the time-dependency of silk mechanics
in tensile loading is originated from the amorphous phase due to sliding of peptide chains,
i. e., internal molecular friction. Beside these two major constituents of spider dragline
silk, silk mechanics might also be influenced by the resistance against sliding of these two
phases relative to each other under load. It is found that a perfectly relative horizontal
motion has no significant resistance against sliding, however, slightly inclined loading
causes measurable resistance.
On the basis of modeling and numerical analysis of constituents of dragline silk, a three
dimensional finite element model of a silk fiber is proposed. It is based on the secondary
structure of the Araneus diadematus silk fiber, taking into account the plasticity of the
β-sheet crystals as well as the viscous behavior of the amorphous matrix. The mechanical
properties such as strength, extensibility, initial stiffness, post-stiffness, and toughness
obtained from the finite element simulations show excellent agreement with available
experimental data. An initially random distribution of crystals in the fiber silk rearranges
during deformation, and forms a lamellar-like arrangement of the phases, which results in
a high toughness.
This work provides a fundamental understanding of silk’s exceptional performance by
linking the molecular properties and mechanisms to its macroscale mechanical behavior.
The proposed computational models that encompass structure and mechanics at different
scales in a bottom-up fashion, can assist the design of new materials that mimic and
exceed the properties of biological analogs.
V
VI Zusammenfassung
Zusammenfassung
Spinnenabseilfa¨den verfu¨gen u¨ber eine außergewo¨hnliche Kombination aus hoher Festig-
keit, Dehnbarkeit und Steifigkeit, die in Bezug auf die mechanischen Eigenschaften einige
der bekanntesten Hochleistungsmaterialien u¨bertreffen. Sie sind so fest wie Hartstahl mit
hohem Kohlenstoffgehalt, haben eine ho¨here Dehnbarkeit als Nylonfa¨den und sind reißfe-
ster als Kevlar. Die Entwicklung von Kunstseide erfordert jedoch ein besseres Versta¨ndnis
der zugrundeliegenden molekularen Struktur der Seide, wodurch die mechanischen Eigen-
schaften und der hierarchische Aufbau der Struktur erkla¨rt werden ko¨nnen.
Daher ist es das Ziel dieser Forschungsarbeit die einzigartigen mechanischen Eigenschaf-
ten von Spinnenseidenfasern mit Hilfe eines
”
bottom-up“ Berechnungsansatzes besser
zu verstehen. Fu¨r diese Arbeit wurden die Spinnenfa¨den, insbesondere die Abseilfa¨den,
der europa¨ischen Gartenkreuzspinne Araneus diadematus , betrachtet. Die hierarchische
Struktur des Abseilfadens ist aus zwei Hauptbestandteilen zusammengesetzt: der amor-
phen Phase und der kristallinen Einheit. Die mechanische Antwort kann auf diese beiden
Hauptbestandteile zuru¨ckgefu¨hrt werden.
Zuerst wurde das mechanische Verhalten der steifen kristallinen Einheit durch eine Simu-
lation auf atomistischer Ebene analysiert und in die Finite-Elemente (FE)-Simulationen
einbezogen. Es wurde festgestellt, dass die Festigkeit einer Seidenfaser im Wesentlichen
von den eingebetteten kristallinen Einheiten abha¨ngt, die wie Querverbindungen zwischen
Seidenproteinen in der Faser agieren. Im Gegensatz dazu verursacht die amorphe Phase
eine große Dehnbarkeit und ein viskoses Verhalten der Fa¨den aufgrund des Gleitens von
Peptidketten, d. h. es entsteht eine interne molekulare Reibung. Neben den beiden Haupt-
bestandteilen des Abseilfadens wird das mechanische Verhalten der Seide unter Last auch
durch den Widerstand gegen Verschiebung dieser beiden Phasen relativ zueinander be-
einflusst. Dabei hat sich herausgestellt, dass eine perfekte horizontale Relativbewegung
keinen Widerstand gegen das Gleiten besitzt, jedoch leicht schra¨g einfallende Kra¨fte einen
messbaren Widerstand verursachen.
Auf Grundlage der Modellierung und der theoretischen numerischen Analyse der Be-
standteile des Abseilfadens wurde ein dreidimensionales Finite-Elemente-Modell aufge-
stellt. Es basiert auf der Sekunda¨rstruktur der Seidenfasern der Araneus diadematus un-
ter Beru¨cksichtigung der Plastizita¨t der β-Schicht-Kristalle sowie des viskosen Verhal-
tens der amorphen Matrix. Die mechanischen Eigenschaften wie Festigkeit, Dehnsteifig-
keit, etc., die durch die FE-Simulationen gewonnen wurden, zeigen eine hervorragende
U¨bereinstimmung mit den experimentellen Daten. Die zuna¨chst zufa¨llige Verteilung der
Kristalle in der Seidenfaser ordnete sich wa¨hrend der Belastung um und bildete eine la-
mellenartige Anordnung der Phasen, welche zu einer Erho¨hung der Za¨higkeit fu¨hrte.
Diese Arbeit tra¨gt damit wesentlich zum grundlegenden Versta¨ndnis der außergewo¨hnlichen
Leistungsparameter der Seide bei, indem sie die molekularen Eigenschaften der Seide und
den Mechanismus ihres makroskopischen mechanischen Verhaltens miteinander verknu¨pft.
Die neuen Rechenmodelle ko¨nnen das Design neuer Werkstoffe, die die Eigenschaften der
biologischen Materialien imitieren und sogar verbessern, unterstu¨tzen.
Chapter 1:
Introduction and Overview
Natural silk is a fascinating material with a long standing application in fabrics production
that has driven a rich trade for centuries. Apart from this traditional application of
silk, other advanced and future potential applications in which attempt to make use of
the exceptional mechanical properties of this biological material are more of engineering
concern. Thus, creating new materials that mimic ultra-strong and multi-functional silk-
like materials have been put on the agenda of researchers and engineers. An important step
herein is a fundamental understanding of the structural determinants of silk mechanics.
1.1 Proteins
Proteins display an essential role in numerous natural systems due to their structural
and biological properties. Given their unique properties, proteins have been thoroughly
investigated in the last few decades, offering a myriad of solutions for the development of
innovative biomaterials, including films, foams, composites and gels.
Proteins are probably the most versatile biomolecules in nature. They are highly opti-
mized to fulfill the requirements of their environment. Not only do they perform enzymatic
functions to support life, they also serve as the most fundamental materials to build the
cell. The key determinants of the amazing features of protein materials lie in their molec-
ular architecture. Proteins, like other materials, use basic physical interactions to build
up their molecular structures. Proteins constitute the elementary building blocks of a
vast variety of biological materials, such as cells, spider silk, or bone, wherein, additional
to a structural role, they govern almost all processes that appear inside and outside of
cells. These common building blocks of structural motifs can be further assembled to
higher architectures. Understanding the mechanics behind protein structures is the key
to unravel the robustness of protein-based materials.
This thesis focuses on defining structural components of biological protein material, i. e.,
spider silk from a materials science perspective, and on their role in mechanical materials
phenomena. Using molecular structures either from molecular modeling or experiments,
computer simulations are performed to study their structural mechanics. Continuum
modeling is used to link different study scales to clarify the relationship between material
molecular architectures and macroscopic mechanical properties. The goal of this study
is to understand how protein building blocks affect structural mechanics, and thereby
influence the material’s behavior, aiming at establishing a guideline for protein material
design.
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Figure 1.1: The hierarchical structure of proteins. The primary structure is defined by
the sequence of amino acid residues and is responsible for subsequent folding processes. The
secondary structure describes local conformations, e. g., α-helix or β-sheets. The spatial
three-dimensional arrangement of an individual protein is its tertiary structure, e. g., P13
protein. Several proteins can interact to form quaternary structures, e. g., membrane protein
in E. coli.
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Protein structures
Proteins are made up of polypeptide chains, which are amino acids joined together with
peptide bonds. The unique sequence of amino acids that make up a protein or polypeptide
chain is called the primary structure (Figure 1.1).
Amino acids are joined end-to-end during protein synthesis by the formation of peptide
bonds, when the carboxyl group of one amino acid condenses with the amino group of the
next to eliminate water. This process is repeated as the chain elongates (glycine residue
in the polypeptide chain shown in Figure 1.1). One consequence is that the amino group
of the first amino acid of a polypeptide chain and the carboxyl group of the last amino
acid remain intact, and the chain is said to extend from its amino terminus to its carboxy
terminus. The formation of a succession of peptide bonds generates a main chain, or
backbone, from which the various side chains project.
Protein structures feature some common building blocks by assembly or local folding of
peptides. These building blocks are called protein secondary structures. The most abun-
dant protein secondary structures are the α-helix and the β-sheet, as shown in Figure 1.1.
Amino acid residues in an α-helix interact strongly via hydrogen bonds with residues that
are four residue positions away in sequence, which stabilizes the helix structure. Peptide
strands in β-sheets are fully extended. In case of crystals in spider dragline silk, they
are positioned in line with each other, and interaction between them is through hydrogen
bonds, which hold the structure strongly together. The secondary structure of spider
dragline silk is discussed in detail in the Chapter 3.
The relative arrangement of secondary structures is the tertiary structure (Figure 1.1),
i. e., the three-dimensional spatial structure of a protein. Different proteins take up very
different tertiary structures. Some protein structures are similar and classified into the
same structure category called family. Spatially independent folds of peptides are defined
as domains. The keys for structural stability of protein tertiary structures is the compli-
cated pattern of both hydrophobic and hydrophilic interactions, which is complemented
by special bonds like disulfide bonds. The quaternary structure refers to the interaction
between subunits in a multimeric protein complex. This level is important, since in the
cell many proteins function as complexes composed of smaller subunits. As an example,
consider the membrane protein found in E. coli. The gene codes for one single subunit,
of which there are 7 in the final protein complex (Figure 1.1).
Driving forces
A linear peptide is a polymer chain. It shares the same mechanical properties of a polymer
strand. A linear polymer chain tends to collapse into unorganized structures to increase
its entropy. A protein folded structure is defined by its primary sequence. In many cases,
a given peptide sequence has a specific tertiary structure, when properly folded. This fact
suggests that in a protein folding process from a linear peptide, entropy first increases
during chain collapse and then decreases till the final well-defined low entropy structure
is reached. The decrease of entropy is unfavorable, and is compensated by the forming of
favorable interactions between different parts of the peptide. These interactions optimize
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protein structures to lower energy states and stabilize the architecture.
These non-bonded interactions within a folded protein rupture, when the structure is
unfolded by a mechanical force, the process primarily studied in this thesis. In a classical
mechanical description, interactions in proteins are classified into two types: Coulombic
interactions and van der Waals interactions. Both of the non-bonded interactions are
discussed in detail in Section 2.1.1.
Hydrogen bonds
The secondary structure of proteins is defined as the local conformations of the primary
backbone, which is characterized by regular repeating structures such as α-helices and
β-sheets. The structural stability of these repeating structures is the result of hydrogen
bonding. They involve both Coulombic and van der Waals interactions. In contrast
to chemical bonds, hydrogen bonds are non-covalent, and thus there can be reversible
interactions between polar groups. When a hydrogen atom is covalently linked to an
electronegative atom such as oxygen, the electron cloud on the hydrogen atom shifts
towards the adjacent atom, leaving the hydrogen atom partially positively charged. This
type of hydrogen atoms are then likely to attract other electronically negative atoms
such as nitrogen atoms or oxygen atoms to form strong interactions, which are called the
hydrogen bonds.
An individual hydrogen bond is weak and constantly breaks and reforms, several hydro-
gen bonds can be strong and reach lifetimes of nanoseconds. There can be hundreds
of hydrogen bonds in a protein structure. These hydrogen bonds behave in clusters to
resist shearing or tearing forces, which impellingly stabilizes protein structures. Amino
acid residues are capable of forming hydrogen bonds because of their carbonyl and amino
groups. These two groups are partially charged and ideal for forming hydrogen bonds
between each other. The protein backbone thereupon can form hydrogen bonds between
amide groups close or distant in sequence.
1.2 Silk Structure, Properties, and Applications
Silk is a fine and lustrous fiber, produced by several insects, most notably silkworms and
spiders [164]. Biologists and biochemists define silks differently [33]. To a biologist, silks
are secreted fibrous materials that are deposited or spun by organisms. To a biochemist,
silks are protein threads composed of repeating arrays of polypeptides, which contain
both discrete crystalline and noncrystalline domains that are oriented around a fiber
axis. Silks were most likely originally evolved by primitive spiders for the purpose of
lining underground dwellings to stabilize the burrow wall and facilitate climbing up and
down [33].
The 5000 year old sericulture industry has completely domesticated the Bombyx mori
silkworm and has perfected the art of unreeling these cocoons into their single fiber com-
ponents to be woven into fabrics. Orb weaving spiders, on the other hand, produce up to
seven different kinds of silk per individual, with the chemical composition and mechan-
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ical properties of each type of silk tailored for its specific use [62, 164]. Despite of the
variety, silk share several features in common. They are composed of proteins, undergo a
transition from a soluble to an insoluble form that is virtually irreversible, and are mainly
composed of amino acids dominated by alanine, serine, and glycine [106, 172]. It is known
that spider silk is a semicrystalline polymer, but the amount, composition, orientation,
and structure of each of its phases remain the subject of debate. These silks vary in their
mechanical properties over a very wide range of tensile strength and elongation. Because
of the diversity in microstructure and properties of the different spider silks, they provide
the opportunity for the development of a whole new class of biomaterials.
By disclosing the predominant building blocks found in silk fibers as amino acids, in 1907
it was suggested that they are protein-based biopolymer filaments [104]. In the second
half of the 20th century research intensified with studies of the physical, mechanical, and
chemical properties of spider silks [41, 63, 106, 107, 166]. This initial research evoked a
broad interest for these protein-based, high performance polymers, which is still growing.
The most investigated type of spider silk is the dragline or major ampullate (MA) silk
that is secreted by the major ampullate glands of the spider. Dragline silk is used to
support the spider when constructing a web and to prevent it from falling. This function
requires specific mechanical properties, namely a combination of a high Young’s modulus
with a high strength. Due to its size and accessibility, the major ampullate gland has been
the focus of most studies. A second important type of spider silk is the flagelliform, spiral
or capture silk. It is exclusively used for the construction of the spiral components of the
web. This function requires a fiber that is highly extensible, and capable of absorbing the
energy of the flying prey without failure (shown in Figure 3.1 and discussed in Section 3.1).
Hierarchical nano-structure
Natural silk fibers are composed of protein macromolecules that are connected sequen-
tially by amino-acid polypeptides. The most carefully characterized silks are the cocoon
silk of silkworm Bombyx mori, and the silks from orb-weaving spiders, i. e., the capture
and dragline threads. Among thousands of species of spiders, Araneus diadematus and
Nephila clavipes attract the highest attention from both the scientific and engineering
field. The two groups, silkworm and spider silk, share a high similarity even in their
primary structure, as both of them contain a high portion of glycine (NH2CH2COOH,
Gly, G) and alanine (NH2CHCH3COOH, Ala, A) [116]. In this thesis, the mechanical
properties of the European garden spider Araneus diadematus are assessed.
Through charge interactions and weak interactions such as hydrophobic effects, van der
Waals interactions and hydrogen bonding, proteins create folds and filamentous structures
that are able to carry out physiological functions. Fibrous proteins are large assemblies
of polypeptide chains that play mostly structural and mechanical roles. The source of
dragline silk’s unique properties has been attributed to the specific secondary structures
found in the repeating units of spider silk proteins [74]. Experimental and computational
investigations of the structure of silks at the nanoscale revealed that there exist two fun-
damental structural constituents in silks, highly organized anti-parallel β-sheet nanocrys-
tals and the amorphous phase that consists of less ordered protein structures [15, 103].
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Two distinct proteins are typically found in dragline silks with similar sequence across
species [61]. One of the most studied silk from spiders, Araneus diadematus dragline silk,
contains ADF-3 and ADF-4 (Araneus Diadematus Fibroin) proteins, with significantly
different chemical makeup [69, 74]. In the amorphous matrix, GPGXX and GGX motifs
in ADF-3 are likely to form β-turn spirals and 31-helices, respectively, while ADF-4 fea-
tures only the GPGXX motif with a propensity to form β-turn spirals [70]. A detailed
discussion on the hierarchical nano-structure is given in Section 3.1.
Mechanical properties
Dragline spider silk from the European garden spider Araneus diadematus displays an
impressive toughness, and a balance of stiffness, strength, and extensibility, all necessary
for the native functions of this silk in orb web construction and in capturing of flying
insects [35, 62, 63]. It features a high initial Young’s modulus, thus it is one of the most
stiff polymeric biomaterials. Only some synthetic materials achieve a greater stiffness
than this silk. Its strength is superior to that of all biomaterials as well as those of
common metallic and non-metallic structural materials. While its strength and stiffness
are roughly equal to the engineering materials, such as Kevlar, carbon and high-tensile
steel, the large extensibility, however, makes dragline silk tougher than these engineering
materials [39, 40, 65].
To summarize the mechanical properties of spider silk, it is as strong as steel (its low
density makes it considerably stronger than steel per unit mass), tougher than Kevlar,
and more resilient than its synthetic rivals. To further understand the roles that strain
and toughness play in the function of dragline silk, one must consider the way that these
fibers are used in the normal activities of spiders. Dragline silk is used as a hanging
life-line. This can be used to descend slowly from a high position, to quickly escape from
a predator, or as a safety line while climbing or jumping in the event of an accidental fall.
Dragline silks are anchored to surfaces by silks from the pyriform gland. The extreme
toughness of dragline silks allows the spider to absorb a large amount of the prey’s kinetic
energy with a minimal volume of silk. Load cycle experiments by Denny [40] indicated
that 65 % of the kinetic energy absorbed is transformed into heat and is not available to
catapult the prey out of the web through elastic recoil.
Spider silks are highly variable not only in their mechanical properties [35, 110, 153, 165]
but also in chemical composition [105, 170]. While some of this variability is in this way
built into the genome [73, 153], some is also the outcome of production procedures [35, 74].
The condition of the spider, both external and internal, affects both silk production and
mechanics. Orb webs are typically rebuilt every day, and daily changes in climate (ambient
temperature and humidity), the spider’s diet and age, or the type of prey all affect the
conditions under which the silk performs. As a result, the shapes of stress-strain curves
vary significantly among different silks of the same spider as well as among the same type
of silk in different spiders.
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Existing and potential applications
The Bombyx mori silkworm was domesticated for more than five thousand of years, and
their silk has continued to be used for fabrics [95]. The silkworm silk’s absorbency makes
it comfortable to wear in warm weather and while active, and its low conductivity keeps
warm air close to the skin during cold weather. Also as widely known, silkworm silk was
used for making Bo (a writing substrate before the invention of contemporary paper).
Spider silk filaments have long been used as crosslines in the optical industry, and in
the fabrication of various instruments for astronomy and surveying such as telescopes
and microscopes [86]. Their usefulness for crosslines depend on several factors such as
their fineness, uniformity, strength, and ability to withstand changes in humidity and
temperature. Only a few spiders have been found, producing a silk meeting these rigid
requirements.
Due to the high strength and extensibility, silks can be made into ropes and cables, which
outperform the ones fabricated by nylon. Besides, the strength combined with the light
weight of silk fibers may render them suitable as a material for fishing nets, as well as
for a new generation of parachutes, gliders, or sailing boats. Dyed silk, as demonstrated
in conventional textile silk industry, has great advantages over other man-made materials
for fabrics.
Because of their extraordinary properties, in the last 20 years, a lot of efforts were made to
produce artificial spider silk. Investigators are now developing ways to produce dragline
silk in quantities sufficient for applications such as impact sensitive composite systems,
and replacement ligaments [7]. The spider silk’s biocompatibility, biodegradability and
mechanical response offer the possibility for high tensile strength sutures, prosthetic de-
vices, artificial tendons, and blood vessels. Also, skin grafts could greatly benefit from the
mechanical response of silks [129]. The ability to dissipate energy at very high strain rates
makes spider silk suitable for body armor systems and ideal for ballistic protection [13].
1.3 Theoretical and Computational Modeling of Dra-
gline Silk
The outstanding mechanical properties of dragline silk have been receiving extensive at-
tention, thus continuous applications are brought about, as presented in Section 1.2.
Silkworms can easily be farmed over large areas and grown in dense environments for
the collection of massive amounts of silk, whereas spiders have completely evaded mass
cultivation. Unlike silkworms, spiders are carnivorous, territorial, and produce low quan-
tities of silk [164]. Therefore, despite the impressive and desirable mechanical properties
of spider silk, it is unobtainable in commercially useful quantities. As a consequence,
massive efforts have been put forth to generate recombinant spider silk protein for mass
production, however, their success has been very limited. To date, there has been a
complete inability to form fibers from recombinant spider silk that duplicate the excep-
tional mechanical properties of naturally spun silk fibers [163]. Thus, many researchers,
including physicists, chemists and engineers, have made efforts to biomimic natural silk,
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and to understand the mechanism of how silks reach such a high mechanical performance
compared to other protein polymeric biomaterials.
A number of insightful models of silk constituents at the molecular level as well as silk
fibers at the macroscopic level have been developed aiming at explaining the secret of
silk’s mechanical properties. Molecular modeling of silk fibroin dates back to Marsh’s
work, who proposed the first detailed structural model for the crystalline (β-pleated) do-
main of fibroin in spun silk, which is absent in silk when drying it without mechanical
stimulus from a silk solution/gel [116]. Zimmerman, Chou and Fossey calculated the con-
formational energies of single or multiple-stacked β-sheets using ECEPP1/2 (Empirical
Conformational Energy Program for Peptides 1 or 2) [26, 56, 176]. The dihedral angles
of the side chains within silk fibroin were calculated at the same time. Alanine residues
were found to form β-sheet crystallites, and the glycine residues to reside in the amor-
phous region, a finding later used in molecular modeling simulations [99]. Due to the
rapid development of computer power, computational simulations have become feasible
to be performed on macroscale systems. Force field methods, as applied to calculate
the conformation and dynamics of macromolecules started developing since the 1980s.
CHARMM (Chemistry at HARvard Macromolecular Mechanics) [21, 109], AMBER (As-
sisted Model Building with Energy Refinement) [85], OPLS (Optimized Potentials for
Liquid Simulations) [92, 94] are recently developed force fields for proteins.
The development of Molecular Dynamics packages allows to examine the molecular prop-
erties of biomolecules with respect to its conformation. Although MD simulations are
restricted to the nanometer scale and cannot easily incorporate higher-level structures,
the mechanical response of individual secondary structural elements are accessible. In fact,
they were found to be consistent with the high strength and toughness of silk materials
at the macroscopic scale [24, 125, 171].
Macro/mesosopic modeling is an alternative way to interpret the high strength of silk
with respect to its hierarchical structure. Elastomeric theories have been applied for
spider dragline silk after supercontraction, since supercontracted silk behaves like rubber
due to the penetration of water, which breaks its ordered nano-structures [95, 173]. Non-
gaussian models were first proposed by Treloar, with a description of a finite-sized random-
walk network [157]. This method uses random walk theory to consider spider dragline
silk as a kind of elastomer. A breakthrough of silk models was achieved by Termonia,
for the novelty of incorporating a simplified secondary structural conformation of spider
silk [156]. This model distinguishes secondary structural domains, i. e., the crystalline and
amorphous domains. The crystallites were interspersed in the amorphous matrix, of which
the junctions in the amorphous matrix were assigned to the lattice sites as crystallites.
This is the first work integrating the nano-mechanics and nano-structures of silk to be
produced the mechanical properties of the whole construction of spider silk material.
Another extension of the elastomeric modeling was on the viscid spider silk (capture
silk) by Zhou and Zhang [174]. Interestingly, the model is robust to the very form of
the nano-mechanical responses. Porter et al. [132] proposed a nano-structured polymer
model of spider dragline silk. They employed a mean field theory for polymers in terms
of chemical composition and the degree of orderliness for the polymeric structure of silk.
The cohesive energy difference and the fraction of ordered structure turn out to be the
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two most important factors determining the mechanical and thermal properties of silk.
In the recent years, several attempts have been made for multiscale modeling of silk
material. In this approach, MD simulations provided an atomistic description for a single
crystallite composed of several β-sheets, or for a confined region of the amorphous matrix.
The collective mechanical response can be integrated on a larger structural scale of silks,
typically for a crystalline-amorphous composite structure [24, 125, 171]. The development
of such bottom-up method is crucial for revealing the mechanism of silk strength, because
there are less assumptions in simulating their mechanical behavior, allowing quantitative
predictions for experiments without relying on experimental data during the modeling. In
previous bottom-up studies, however, a nonlinear material behavior was defined without
being based on MD simulations in all aspects [34] or fully linear behavior of silk until
rupture was assumed. A multiscale model incorporating viscous and thus time-dependent
effects, all on the basis of MD simulations, has yet to be developed and is the aim here.
Thus, the overall goal of this study is to investigate silk fiber mechanics at its molecular
scale, and in detail to analyze the contribution of each constitutive element in reaching
silk’s outstanding mechanical performances at the macroscale. What makes silk one of the
toughest materials known is the combination of two exceptional mechanical properties,
namely high tensile strength and great extensibility. On the one hand, the exceptional
strength of silks, exceeding that of steel in terms of strength over density, arises from
β-sheet nanocrystals that consist of highly conserved poly-(Gly-Ala) and poly-Ala do-
mains [99]. On the other hand, the extensibility of silk originates from the amorphous
region, which is composed of glycine rich domains [126, 147]. Silk’s hierarchical struc-
ture is further outlined in Chapter 3. Thus, in the following, a bottom-up approach is
discussed, in which silk constituents are studied at the atomistic scale using Molecular
Dynamics simulations, and macroscopic mechanical properties are deduced using Finite
Element Methods. This approach has been envisioned previously [24, 34, 125], and now
refined to depict the nonlinear and rate-dependent mechanics of silk.
Molecular Dynamics simulations
Modern technologies such as atomic force microscopy (AFM) or optical tweezers have been
widely used to probe protein mechanics. The principle of these experiments is to apply
mechanical load to protein structures. By monitoring the unfolding process and recording
the force and extension until rupture, the overall mechanical response of the protein
structures can be obtained. Such experiments have been carried out extensively to study
ubiquitin and immunoglobulin (Ig) domains [27, 136]. They indicate that proteins can
withstand forces as high as a few hundred piconewtons, although the protein structures
in equilibrium are held together by non-covalent interactions, each of which is marginally
stable and subjected to thermal fluctuations. The collection of these interactions maintain
the integrity of protein structures. Experimental methods for single molecule studies
including AFM and optical tweezers have been revolutionized by advances in technology
over the last few decades. One of the major challenges in all single molecule techniques
is the size of the system studied. Another challenge lies within the physical variables
measured by these techniques. Both techniques can measure the applied force and end-
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to-end distance of the investigated molecule, but are blind for internal dynamics.
Computer simulations can overcome these limitations by providing insight into dynamical
events at short time scales and yet at high resolution. Computer simulations can take
advantage of the huge amount of molecular structural data which is available nowadays.
When experimental structures of the protein target or its part is missing, computational
techniques also allow for generating such a structure (e. g., by homology modeling), opti-
mally followed by an experimental validation [117]. Computational approaches also allow
for the investigation of rare or transient phenomena, e. g., short-living conformers from an
ensemble that contribute to the observable, e. g., a mechanical response, but which cannot
be readily observed. Therefore, usage of theoretical methods is indispensable – not only
for the interpretation of the existing experimental data (e. g., silk rheology experiments),
but also to direct and design new experiments (e. g., those of rationally engineered silk).
MD simulations allow to study the dynamics of atomic-level phenomena of larger systems.
MD simulations are based on the numerical solution of Newton’s equations of motion of
a macromolecular system. The potential energy of the particle system is described by the
so-called force field (see detailed discussion in Section 2.1.1), which is described as a sum of
energy terms for covalent bonds, angles, dihedral angles, van der Waals non-bonded terms,
and non-bonded electrostatic terms [30, 93]. All-atom force fields provide parameters for
every type of atom in a system, united-atom force fields treat the functional groups such
as methyl as single units, while coarse-grained force fields, such as the Go-Model [100],
provide even more crude representations for increased computational performance and
simulations at larger time scales. As electronic degrees of freedom are ignored, MD simu-
lations are significantly more efficient than Quantum Mechanics (QM) calculations. Since
the kinetic energy is also taken into account, MD simulation systems are able to move
across energy barriers of the potential energy surface, in principle allowing the sampling of
substantial changes (e. g., conformational) during the simulation. This makes MD simu-
lations suitable for studying dynamic events on an atomic level. Its potential in molecular
biology research such as DNA, RNA and protein mechanics is increasingly demonstrated
by steadily growing research efforts employing MD as a predictive biophysical tool. The
wide usage of MD simulations is also reinforced by dozens of effective and convenient sim-
ulation software packages. Different simulation techniques also enable scientists to explore
an even wider range of molecular systems on the nanometer length scale and microsecond
time scale. The combination of MD simulations with single molecule experiments such as
AFM or optical tweezers is even more significant [59]. Force-Probe Molecular Dynamics
(FPMD) simulations, in which a mechanical force is applied to molecular structures [67],
allow mimicking single-molecule experiments to gain insight into structural and dynam-
ical details of the molecular processes. The results obtained not only help to explain
experimental observations (e. g., AFM, optical tweezers experiments), but also to shed
light on the nature of the molecular processes under investigation.
In summary, MD simulations are an efficient and relatively straightforward technique
suitable for studying structural, dynamical, and mechanical properties of macromolecules.
They offer a good combination of atomic resolution, accuracy, and computer performance,
and hence are a primary tool used in this thesis. A brief introduction to the fundamentals
of MD is given in Section 2.1.
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Continuum mechanics
The mechanics of a continuous medium is a branch of mechanics concerned with the
stresses in solids, liquids, and gases and the deformation of these materials. The no-
tion of a continuous medium refers to the simplifying concept underlying the analysis:
the molecular structure of the matter is disregarded and approximate it as a continuous
phase, absent of any empty spaces, atomic interactions or discrete molecular entities. One
further supposes that all mathematical functions entering the theory are continuous func-
tions, except possibly a finite number of interior surfaces separating regions of continuity.
This statement implies that the derivatives of the functions are continuous too, if they
enter the theory. This hypothetical material is called a continuous medium or contin-
uum. The analysis of the kinematic and mechanical behavior of materials modeled on
the continuum assumption is what known as continuum mechanics. There are two main
themes into which the topics of continuum mechanics are divided. In the first, emphasis is
on the derivation of fundamental equations which are valid for continuous media. These
equations are based upon universal laws of physics such as the conservation of mass, the
principles of energy and momentum, etc. In the second, the focus of attention is on
the development of so-called constitutive equations characterizing the behavior of specific
idealized materials, the perfectly elastic solid and the viscous fluid being the best known
examples. These equations provide the focal points around which studies on elasticity,
plasticity, viscoelasticity, and fluid mechanics proceed.
The mathematical description of continuum mechanics problems is very rarely amenable
to a closed-form analytical solution. Therefore, a numerical procedure is the only al-
ternative for the solution. With the advent of computer technology and accompanying
computational methods, it has become an extremely powerful tool for analyzing a vast
variety of engineering problems. Several numerical methods have been developed for an-
alyzing continuum mechanics problems. These include conventional numerical methods
such as the Finite Element Method (FEM), Finite Volume Method (FVM), as well as
boundary integral and finite difference methods, etc. Today, FEM is considered as one of
the well-established and convenient techniques for the solution of complex problems in dif-
ferent fields of engineering: civil engineering, mechanical engineering, nuclear engineering,
biomechanics, geomechanics, etc. FEM can be also considered one of the most powerful
numerical techniques ever devised for solving differential (and integral) equations of ini-
tial and boundary-value problems in geometrically complicated regions. The analyses in
engineering are performed to assess designs, and the analyses in various scientific fields
are carried out largely to obtain insight into and ideally to predict natural phenomena.
The FEM may be summarized as follows. The continuum behavior described at an
infinity of points is approximated in terms of a finite number of points, called nodes,
located at specific points in the continuum. These nodes are used to define regions, called
finite elements, over which both the geometry and the primary variables in the governing
equations are approximated. For example, for the stress analysis of a solid, a finite
element could be a tetrahedron defined by four nodes, and the primary variables are the
three displacements in the Cartesian directions. The governing equations describing the
nonlinear behavior of the solid are usually recast in a so-called weak integral form using,
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for example, the principle of virtual work or the principle of stationary total potential
energy. Finite element approximations are then introduced into these integral equations,
and a standard textbook manipulation yields a finite set of algebraic equations in the
primary variable.
FEM is used in this thesis in conjunction with MD simulations to reveal the secret of the
exceptional mechanical properties of dragline silk. The fundamentals of continuum me-
chanics are presented in Section 2.2, and the basic principles of FEM are briefly discussed
in Section 2.2.5.
Bottom-up computational approach
MD simulations are an efficient approach to study objects on the nanometer scale. They
become impracticable when the investigated system has significantly larger dimensions,
i. e., on the meso or macroscale. Large-scale simulations of protein materials are not
feasible using MD simulations, neither macroscale structural and mechanical properties
can be straightforwardly inferred from MD simulations due to the complexity of biological
systems. Typical MD simulations can nowadays be performed on systems containing
hundred thousands, or, perhaps, millions of atoms, and for simulation times ranging from
a few hundred nanoseconds to more than one millisecond. These numbers are certainly
respectable but one may run into conditions where time and/or size limitations become
important. On the other hand, continuum structural mechanics can significantly extend
the length and time scale of the system.
Figure 1.2: Different computational tools used at different length scales.
Continuum structural mechanics is a classical method applicable at all scales. Here, as
its name suggests, atomic details of the object are disregarded to focus on the effect of
the discretized structure on mechanics. In certain cases, such as determining an elastic
modulus of a rubber band, or understanding the stress bearing pattern of a building,
the atomic details are normally not the determinant of the property under investigation.
In such cases, the object or parts thereof are treated as a continuum sharing the same
physical properties. This approach has invincible computational efficiency by greatly re-
ducing the complexity, but is only applicable as long as the continuum approximation
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is adequate. The hierarchical nanoscale structure of silk renders FEM unfeasible on the
small scale, since the atomostic structure crucially defines the material’s mechanics. Fig-
ure 1.2 shows the two computational methods used at different length scales. Crystalline
units, the amorphous phase (representative unit) and a combination of both are studied
using MD simulations. However, molecular simulations of additional crystalline units and
the amorphous matrix are computationally unfeasible. In conjunction to MD, FEM al-
lows to carry out simulations of individual constituents, combinations of them, and full
fiber of dragline silk, provided the appropriate parameters, obtained for instance by MD
simulations.
Using different levels of simplifications, continuum mechanics is able to tackle problems
for structure sizes that cannot be reached by MD simulations. In spite of the conceptual
differences between continuum mechanics and all-atom simulations, the combination of
these two different methods is promising. Parameters for continuum mechanics can be
obtained from all-atom simulations to ensure high accuracy. The efficiency of continuum
mechanics allows to infer mechanical properties on the macroscopic scale from the molec-
ular scale, which is the key to understand a material’s interplay of the atomic structure
and its overall performance. Here, continuum mechanics and all-atom MD simulations
are employed for the silk fiber modeling.
Thus, a bottom-up computational approach is used in this thesis with the aim to create a
bridge between dragline silk’s molecular level properties and silk’s macroscopic mechanical
behavior. In this approach, first, all atom simulations are carried out to obtain key
mechanical properties and structural parameters of dragline silk constituents, which are
then used to develop a full fiber model using FEM.
1.4 Motivation and Objectives
Silk is perhaps the strongest, the most extensible and toughest material on earth, by far
exceeding the properties of many engineered industrial materials, prompting researchers
to investigate and mimic this material. A few empirical studies have investigated the
relation between the mechanical properties of silks and their structure. In Section 1.3,
Molecular Dynamics simulations as well as recent attempts of multiscale modeling of silk
were discussed. Aim of those studies was to unravel the origin of the high strength and
toughness of silks. However, very few studies to date can suggest a convincing mecha-
nism that would explain why silk possesses such exceptional properties using currently
available methods and tools. Also, approaches are only in their infancy [34] that could
effectively bridge atomistic level Molecular Dynamics simulations for each constituent and
macroscopic level Finite Element Method simulations of the full silk fiber model. None of
the previous attempts takes rate-dependent effects of silk as a visco-elastoplastic material
into account. Moreover, now if and how crystalline units and the amorphous phase in the
silk fiber rearrange as the tensile load is applied, and how this effects silk mechanics is
currently unknown.
Therefore, the aim of this research work is to understand the unique mechanical properties
of spider silk fibers using a bottom-up computational approach. This approach starts from
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an atomistic level and incorporates both the crystalline and the amorphous phases. Note
that the structures within silk fibers are widely considered to be hierarchical so that all
structural levels may respond to external forces. However, previous studies [74] show that
the secondary structures, such as stiff β-sheet crystalline and the amorphous phase are
the major players on the nanoscale, which provides a starting point of this research. The
main focus is to create a link between the understanding of silk mechanical behavior at
the nanoscale, and its macroscopic mechanical features.
Key material and structural parameters from atomistic calculations on dragline silk con-
stituents are used to develop a continuum mechanics-based full fiber model, by linking
the molecular structure and dynamics under load to its macroscale mechanical behavior.
The work is divided into the following steps:
1. Atomistic level MD and FEM simulations: The first part of this thesis is
dedicated to understand the material behavior of each constituent as well as the
interface between them. In this regard, all atom simulations of a crystalline unit,
the amorphous phase and the combination of both constituents were carried out
to obtain their individual mechanical properties, which then were used for FEM
simulations.
(a) The strength of silk fibers is thought to be mainly due to the embedded crys-
talline units, which are acting as crosslinks of silk proteins in the fiber. The
mechanical behavior of the stiff crystalline units were analyzed from previous
all atom simulations [171], and incorporated into FEM simulations.
(b) In contrast to crystalline units, the large extensibility and viscous behavior as
evidenced by the rate-dependency of silk mechanics in tensile loading experi-
ments [32, 40, 161, 169] is likely to originate from the amorphous phase due
to sliding of peptide chains, i. e., internal molecular friction. However, there
is a lack of understanding of the amorphous phase, e. g., if it is a viscous ma-
terial, what is the coefficient of viscosity. This question was addressed with
all-atom simulations at different pulling velocities, and by using a stochastic
model for extrapolation to larger time scales. Then, the obtained mechanical
properties were used to perform finite element (FE) simulations to study the
general characteristic behavior of the amorphous phase in isolation.
(c) While a similar related model considered only two constituents of dragline
silk [24], here aim is to introduce friction between them, which might have
significant influence on the overall behavior or properties of dragline silk.
2. Full three-dimensional silk fiber model: In the first part of this thesis, model-
ing and numerical analyses of crystalline and amorphous phases of spider dragline
silk as well as the friction between them have been determined. Therefore, the
second part of this thesis is dedicated to build a full fiber model and to treat it
numerically in tensile tests based on the Finite Element Method. The aim of this
part is to study the structural rearrangements of crystalline units in the amorphous
matrix to identify different regimes in the stress-strain curve, and to also assess rate-
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dependent phenomena such as an influence of velocity on the mechanical properties
and hysteresis.
This work will provide a fundamental understanding of silk’s exceptional performance by
linking the molecular properties and mechanisms to its macroscale mechanical behavior.
The long-term goals of this work are to develop a new engineering model that encompasses
the design of structures and materials, starting from the molecular level, and to create
new materials that mimic and exceed the properties of biological analogs. The nature
is an exceptionally rich source of inspiration for the design of new materials. Once the
secret of spider silk mechanics is unraveled, the same principles can be applied to other
biomaterials and composite materials.
1.5 Outline of the Thesis
The thesis is divided into four chapters with the following content:
The first part of Chapter 2 is devoted to the brief introduction to the fundamentals of the
Molecular Dynamics method. This includes the potential energy function and its parame-
ters, the numerical solution of the equations of motion, additional algorithms, applications
of pulling forces in Molecular Dynamics simulations and limitations of this method. As
this thesis is concerned with the continuum mechanics based modeling of dragline silk,
the second part of this chapter presents the continuum mechanical fundamentals and the
employed notation that will be the basis for all further considerations. In particular, the
kinematics, deformation and strain measures, stress tensors and the governing balance
laws are introduced. The mathematical representation and the characteristic mechanical
behavior of the Poynting-Thomson model are briefly introduced. Finally, the Finite Ele-
ment Method is presented. In this regard, the required weak formulation of the governing
balance relation is presented, followed by appropriate techniques for the discretization in
space and the numerical integration of the resulting integral equations is described.
In Chapter 3, the mechanical properties of both constituents of dragline silk fibers as
well as the frictional properties between them are presented. Following this, firstly finite
element models of stiff crystalline units of spider dragline silk and cocoon silk are intro-
duced. Therein, an elastoplastic material behavior of crystalline components is described,
and finite element models are validated with all-atom simulations and available experi-
mental data. Thereafter, all-atom simulations of the amorphous phase are carried out at
different pulling velocities. On this basis, the coefficient of viscosity of the amorphous
phase is computed with the help of a stochastic model, which describes the full velocity
dependence of the friction force per residue. Moreover, the determined mechanical prop-
erties; such as the coefficient of viscosity and shear modulus from all-atom simulations are
used to perform Finite Element simulations to study the general characteristic behavior
of the amorphous phase. The last part of this chapter describes how the viscous friction
parameter is computed from all atom simulations, and how finite element simulations are
performed by using this derived friction parameter from MD. In this regard, the basic idea
to define the surface to surface contact between crystalline and the amorphous phases is
illustrated.
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The application of the FEM to a three dimensional (3D) fiber model of dragline silk
fiber and the calculations of stress-strain curves is carried out in Chapter 4. Herein, an
efficient and accurate computation is only possible, when an adequate element size and
shape are chosen. Hence, the problem of mesh convergence with element type and mesh
size is presented. As a major results of this thesis, the continuum mechanics based full
3D fiber model of dragline silk fiber is introduced. To this end, stiff crystalline units
of an elastoplastic material behavior are randomly distributed in the amorphous matrix
with viscoelastic material behavior. Viscous friction between the crystalline and the
amorphous components are defined with a Coulomb friction formulation, such that the
3D fiber model is capable of reproducing a visco-elastoplastic material response featuring
sliding between these two components. Subsequently, tensile tests were carried out on
this fiber model allowing insight into the relevant parameters in the stress-strain curve.
A tensile test suggests crystalline units to rearrange within silk, which improves silk’s
mechanical properties. Moreover, the influence of the loading velocity on the mechanical
properties of the dragline silk fiber is presented. Herein, changes in mechanical properties
at different pulling velocities are compared to available experimental data in the literature.
Thereafter, the extent of hysteresis in silk, a result of viscoelasticity as well as irreversible
deformations is assessed. Finally, how the distribution of stiff crystalline units as well as
their percentage in the fiber silk influence the mechanical properties is described.
A final conclusion and discussion is given in Chapter 5 including an illustration of further
possible developments and future directions such as an application of this multiscale
approach to polymeric and composite materials.
For a better understanding of the discussed topics, additional information regarding the
needed extra results is embraced in the Appendix.
Chapter 2:
Theoretical Background of Methods
This chapter offers a brief review of the basic concepts of Molecular Dynamics and contin-
uum mechanics. As many engineers usually have little knowledge in MD simulations, this
chapter aims to give a basic introduction to the equations that the method of MD relies
on and some other principles that are important for the understanding of this thesis. For
a more detailed explanation, one refers to several books [6, 57, 134], reviews [96, 140, 160]
and the GROMACS1 manual and related literature [77, 150, 159].
Furthermore, this chapter gives a short introduction to continuum mechanics to under-
stand the modeling process using the Finite Element Method. The notation used in this
work is based on the lecture notes of Ehlers [49, 50]. For a more detailed discussion the
reader is referred to the textbooks of Truesdell and Noll [158], Malvern [112], and Marsden
and Hughes [115], or the publications of Chadwick [25] and Haupt [72], among others.
2.1 Molecular Dynamics Simulations
MD simulation is a computational method employed for molecular systems to determine
their time-dependent behavior. The systems entering MD simulations are modeled as
ensembles of interacting particles under specific internal and external conditions. Given
the initial coordinates and velocities of an ensemble of particles that interact in an explicit
manner, under certain conditions, this method integrates the equation of motion numeri-
cally, providing new sets of coordinates and velocities at each integration time step. From
the obtained particle trajectories, one can calculate various global system properties as
statistical averages.
These methods are now routinely used to investigate the structure, dynamics and ther-
modynamics of biological molecules and their complexes. They are also used in the
determination of structures from X-ray crystallography and from Nuclear Magnetic Res-
onance (NMR) experiments.
MD simulation is a computational method to numerically solve Newton’s equations of
classical motion of a system of N interacting atoms:
mi
∂2ri
∂t2
= Fi, i = 1, 2, ..., N. (2.1)
Here, mi and ri are the mass and position of atom i, respectively, and Fi is the force
acting on atom i. The forces can be expressed as minus the gradient of a potential energy
1GROningen MAchine for Chemical Simulations (GROMACS) is a molecular dynamics package pri-
marily designed for simulations of proteins, lipids and nucleic acids.
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function U(r1, r2, ..., rN), describing all the inter-atomic interactions:
Fi = −∇riU(r). (2.2)
Positions and velocities are obtained as a function of time for all the N atoms, producing
a MD trajectory of the system.
2.1.1 Force Fields
The most central part of an MD simulation is arguably the potential energy function and
its parameters2. This combination is often referred to as the force field. The force field
describes the multi-dimensional potential energy surface of the system, and so for any
configuration r, the potential energy function gives the total configurational energy of
the system. Note that the electrons are not accounted for explicitly, and therefore, MD
simulation is a classical approach.
Nowadays, there are many classical force fields available for MD simulations. The most
wide-spread ones are the OPLS-AA [92, 94], the AMBER [85], and the CHARMM force
fields [21, 109] which vary in their strength and weaknesses. The OPLS-AA3 is an all-
atom force field, in which all atoms are explicitly described. In this thesis, the OPLS-AA
force field was used for all the MD simulations.
A B C D
Figure 2.1: A schematic illustration of the interactions that model covalent bonding: (A)
bond-stretching; (B) angle-bending; (C) proper torsion; (D) improper torsion.
The expressions contained in the force field can be categorized in bonded and non-bonded
interactions, the sum of which gives the total potential energy of the system U(r):
U(r) = Ubonded(r) + Unon-bonded(r). (2.3)
2Parameters of a force field are usually calculated either from ab initio quantum mechanical calcula-
tions or by fittings to reproduce experimental thermodynamics properties such as solvation free energies
of aminoacids.
3The OPLS-AA force field has been developed in the laboratory of William L. Jorgensen at Purdue
University and later at Yale University. In short, the energy of a molecular system is derived as the sum
of bond stretching, bond bending, torsional, and non-bonded terms. The bond stretching and bending
parameters come mostly from Weiner’s 1986 AMBER force field. The atomic charges and Lennard-
Jones parameters have been fitted to reproduce the densities, heats of vaporization, and free energies of
hydration of a wide range of organic compounds.
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Bonded interactions, Ubonded, cover covalent bond-stretching (Ustretching), angle-bending
(Uangles), torsion potentials (Utorsion) when rotating around bonds, and out-of-plane im-
proper torsion potentials (Uimproper) (Figure 2.1). The first term in Equation (2.4) de-
scribes covalent bonds, which are normally modeled as harmonic springs in force fields.
The potential equation of bond stretching follows the Hookean spring (Ustretching) with
Kri as the spring constant that specifies the bond strength, and r0 the equilibrium bond
length that gives the potential minimum (Figure 2.1A). The second term in Equation
(2.4) describes a bonded angle, which is formed by three connected atoms (Uangles). It is
similar to bond potentials, with an angle force constant Kθi and an equilibrium angle θ0
(Figure 2.1B). The third term in Equation (2.4) describes a torsion potential, which is
formed by four bonded atoms. Since this term represents the energy of rotation around a
covalent bond, which is the source of most conformational flexibility in biomolecules, they
must provide a smooth energy for 360 degrees (Figure 2.1C). Here, Vi the coefficients in
the Fourier series and φ the corresponding phase angle. The last term in Equation (2.4)
describes the improper torsion, which are used in the molecular topology to maintain
planarity. As such, the harmonic form with a large spring constant Kξi and and equilib-
rium value ξ0 is used to restrain configuration of an atom and three atoms bonded to it
(Figure 2.1D).
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Figure 2.2: The non-bonded potential terms involve interactions between all non-bonded
pairs of atoms. (A) The Lennard-Jones potential accounts for the dispersion interaction,
i. e., the weak dipole attraction between distant atoms, and the hard core repulsion as atoms
become close. (B) The Coulomb potential. The bottom curve represents the interaction
between two particles of opposite charge, the top curve represents the interaction of particles
of the same charge.
In particular, it holds
Ubonded(r) = Ustretching(r) + Uangles(r) + Utorsion(r) + Uimproper(r)
=
∑
stretching i
Kri(ri − r0)2 +
∑
angles i
Kθi(θi − θ0)2
+
∑
torsion i
Vi
2
[1 + cos(nφi − φ0)] +
∑
improper i
Kξi(ξi − ξ0)2.
(2.4)
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Atoms that are not bonded to each other and stay at least three bonds away also obviously
interact with each other if their positions are close enough. The interaction between these
atoms are classified as non-bonded interactions. The non-bonded interactions, Unon-bonded
include van der Waals and Coulombic interactions, namely
Unon-bonded(r) =
∑
i
∑
j
{
4ij[(
σij
rij
)12 − (σij
rij
)6] +
qiqje
2
4pi0rij
}
, (2.5)
where the first two terms together describe the Lennard-Jones potential (Figure 2.2A),
with  as the energy minimum, σ = r/21/6 as the distance4 between two atoms that gives
the energy minimum5; and rij as the distance between atom i and j. The first term of
the Lennard-Jones potential is exclusively repulsive and dominates when two atoms are
so close that the electron densities overlap. The second term is London’s dispersion that
dominates and defines attraction when two atoms are far away. The third term in the
equation is the electrostatic potential (Figure 2.2B), qi and qj are the charges assigned
to the atoms i and j. It is attractive (repulsive) if the atoms have opposite (the same)
charges.
Hydrogen bonds and non-polar interactions both are non-bonded interactions. The partial
positive charge of hydrogen atoms and the partial negative charge of oxygen atoms have
strong Coulombic interactions which contribute to the strength of the hydrogen bond.
Lennard-Jones interactions of the hydrogen bond forming atoms contribute as well. Some
important features of hydrogen bonds, such as a slight bonding angle dependence or polar-
ization effects, are not fully captured by force fields. However, the energetics of hydrogen
bonds are well reproduced in MD simulations. Hydrophobic attractions are also generated
between non-bonded interactions, even though they are not directly implemented in the
force field, but an indirect entropic effect. Atoms in hydrophobic groups such as fatty
chains or benzene rings of proteins are modeled as apolar atoms, which have a small or
no charge. By doing so, interactions with polar groups, especially water molecules, are
reduced.
2.1.2 Numerical Solution of the Equations of Motion
Several algorithms have been proposed to numerically integrate Equation (2.1), and to
thereby obtain positions and velocities of all atoms of the system as a function of time. In
this thesis, the leap frog algorithm [81] was used. The algorithm scheme looks as follows:
First, it is assumed that velocities vi and positions ri are known at times, t − ∆t2 and
t, respectively. Second, forces are computed at time t using Equations (2.2), (2.4) and
(2.5). Third, velocities and positions are updated according to the leap frog iterative
formulae [81]:
vi(t+
∆t
2
) = vi(t− ∆t
2
) +
Fi(t)
mi
∆t, (2.6)
4Concerning the notation, σ is defined in this section as the distance between two atoms. Elsewhere
in this thesis, σ denotes stress.
5At the energy minimum, the first derivative is zero. Find dU/dr by differentiating the expression for
the Lennard-Jones potential (Equation (2.5)), and then set it to zero to find r.
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ri(t+ ∆t) = ri(t) + vi(t+
∆t
2
)∆t. (2.7)
The integration continues by repeating these three steps iteratively. The leap frog algo-
rithm is of third order in positions and velocities, and is equivalent to the Verlet [162]
algorithm.
2.1.3 Additional Algorithms and Simulation Parameters
Constraining covalent bond vibrations
Bond-stretching and bond-angle vibrations are typically the degrees of freedom with small-
est oscillation periods, allowing a time step not larger than of 1 femtosecond. These high
frequency motions are normally not of interest for MD simulations, but is the most im-
portant determinant of the maximal length of the time steps in the simulation. By
constraining covalent bonds to rigid beams, the simulation process can be speeded up by
increasing the simulation time step. In the simulations presented in this thesis, a time step
of 2 femtoseconds was used. In the MD simulations presented in this thesis, SHAKE [89]
and LINCS [76] algorithms were used to constraint covalent bond lengths.
Short range and long range interactions
Evaluating of the non-bonded interaction term in the force field (Equation (2.5)) is the
most expensive part of the integration step, because it contains a double sum over all the
atoms of the system. To improve this part of the algorithm, only short range Lennard-
Jones interactions were considered within a certain cut-off distance. In addition, a search
of nearest neighbors was implemented, and it was not updated at every simulation time
step.
In contrast, a cut-off treatment scheme for long range electrostatic interactions induces
severe artifacts in the dynamics of the system [137, 138]. To solve this issue, the Particle-
Mesh Ewald (PME) method [37, 55] is typically used. The method is based on the Ewald
sums originally formulated to compute long range interactions in periodic systems. The
electrostatic Coulomb term is separated in short range and long range contributions,
calculated in the direct and the reciprocal (Ewald) space, respectively. The long range
contribution is transformed back to the real direct space by applying a fast Fourier trans-
formation. It provides a mostly sufficient accuracy and smooth energetic transitions,
and thus stabilizes the simulation system compared to a sample cutoff scheme, yet at
reasonable computational expense6.
6Direct calculation of the electrostatic term scales with N2, N being the number of charges, whereas
the PME method improves the scaling to N logN .
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Periodic boundary conditions
MD simulations are often performed on a single molecule of interest surrounded by solvent,
for example a protein in water. To keep the simulation time reasonable, the total number
of atoms is small compared to a similar experimental setup. As a consequence, effects of
the boundary of the simulation system on the molecules of interest can lead to artifacts,
such that physical properties derived from the simulation cannot be directly compared
to the ones derived in experiment. To overcome this limitation, periodic boundary con-
ditions (PBC) were implemented in MD simulations to minimize finite size effects. The
simulation box is repeated periodically in all three dimensions. Consequently, boundaries
are removed and atoms exiting one simulation box enter the neighboring one. Because of
PBC, artifacts due to molecular interactions with its image can arise. Thus, the simula-
tion box should be large enough to prevent these artifacts by ensuring one single molecule
not to interact with its own image.
NPT conditions
Finally, the system was assumed to be in contact with a reservoir in the NPT (ensemble
in which number of atoms, pressure and temperature are constant) canonical ensemble.
Therefore, temperature and pressure are kept constant by coupling the system to a ther-
mostat and barostat, respectively, mimicking the most common experimental setup. The
algorithms for thermostats [9, 16, 22, 97, 98, 123] employ different methodologies such as
the rescaling of the velocities in each step to gradually converge to a reference temperature
or the inclusion of stochastic terms (noise) in the equations of motion. Accordingly, in the
algorithms for barostats [16, 130] the positions of atoms are rescaled to approach towards
the reference pressure or additional terms are added to the equations of motion. In this
thesis, the temperature was kept constant by coupling the system to either a Berend-
sen [16] or a velocity rescaling thermostat [22] at 300 K. The pressure was kept constant
by coupling the system to either a Berendsen [16] or a Parrinello-Rahman barostat [130]
at 1 bar.
There are numerous programs for Molecular Dynamics simulations (e. g., AMBER [85],
CHARMM [21, 109], GROMACS [127]). Many simulation softwares allow to chose your
force-field, e. g., GROMACS works with all of them. In the present thesis, the MD
simulations were carried out using the GROMACS simulation software [77, 150, 159].
All the mentioned methods and algorithms are already implemented within this package,
allowing for efficient simulations of the crystalline subunits, the amorphous phase and
the combination of both. The PyMOL [142] and VMD [167] packages were used for the
visualization of the simulation system and the MD trajectories.
2.1.4 MD Simulations with Force
A vast body of research has accumulated to illustrate that mechanical forces are ubiquitous
in vivo and that these forces directly impact on the biological functions. The biological
effects of forces are perhaps most evident in the context of physical activity – breathing,
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heart pumping, blood flow, and physical exercise. Such forces also regulate morphogenesis,
cell migration, and even cell adhesion to extracellular matrix. Importantly, it is now
apparent that such forces can regulate a wide variety of biological processes, from cell
proliferation and differentiation to tissue mass homeostasis and complex inflammatory
cascades. Understanding these mechanical processes is still a challenge in biology, yet it
is often the only way to uncover biological function.
The biggest challenge in understanding biological mechanical forces is the magnitude of
these forces. Common biological forces, such as those generated by molecular motors,
are as small as couple of piconewtons. Force signals of such small scale are easily lost
in the noise of thermodynamic vibrations, which renders studies on these forces even
more difficult. A couple of modern experimental technologies have been developed to
study such extremely diminutive interactions. These experiments, such as Atomic Force
Microscopy (AFM) and optical tweezers, provide extreme sensitivity combined with a high
resolution to allow to probe of mechanical forces in biological systems. Even so, atomic
details of molecular transitions like protein unfolding or ligand dissociation pathways
under tensile forces are still out of range. For a higher resolution in the understanding of
these molecular processes, MD simulations serve as a complementary tool for experiments.
Atomic Force Microscopy
The AFM is an instrument which probes the interaction forces between a sharp tip and
the surface of a sample. The ability of AFM to achieve high resolution (subnanometer)
in liquids and to probe the mechanical properties of the sample at a nanometric scale
make this instrument increasingly interesting for the study of biological specimens [108].
Consequently, the number of AFM articles published per year in this field has grown
exponentially [90, 121, 154].
The principle of the AFM is simple: a sharp tip fixed at the end of a flexible cantilever is
raster-scanned over the surface of a sample. As the tip interacts with the surface, the can-
tilever deflects and its deflections are monitored and used to reconstruct the topography
of the sample [108, 154].
Apart from surface imaging, AFM can also be used to apply a force to a surface or
sample in a technique called force spectroscopy. The force is not measured directly, but
calculated from the deflection of the cantilever of known stiffness through Hooke’s law.
For this method, the AFM tip is extended towards and retracted from the surface as the
deflection of the cantilever is monitored as a function of piezoelectric displacement. These
measurements have been used to measure nanoscale contacts, atomic bonding, van der
Waals forces, and dissolution forces in liquids and single molecule stretching and rupture
forces [80]. Forces of the order of a few piconewtons can now be routinely measured with
a vertical distance resolution of better than 0.1 nanometers [90, 121, 154].
In this work, experiments of force spectroscopy leading to crystalline unit rupture are
referred and attempted to reproduce.
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Force-probe MD simulations
MD simulations in which mechanical forces are applied on the molecules of studies are
called Force-Probe Molecular Dynamics (FPMD) [67]. This MD simulation technique is
used to mimic AFM experiments. In order to closely reproduce experimental conditions,
the magnitude, direction and application point of an external force can be mimicked in
MD simulations. The force can be applied on an individual atom or on a group of atoms,
which could also be a whole molecule. A force applied on a single atom is directly added
to the atomic force; a force applied on a group of atoms acts on the center of mass (COM)
of the group and is distributed in a mass-weighted fashion to the individual atoms.
A harmonic potential represented as a virtual spring is assigned to the force application
point, a concept similar to the bond potential. During the simulation, the virtual spring
steadily moves away from the force application point with constant velocity along the
specified direction. With increasing displacement between the virtual spring and the
force application point, force is generated according to the Hooke’s law. For FPMD
simulations presented in this work, the pulling velocity, the virtual spring force constant,
and the pulling direction were needed to be predefined in the simulation setup.
2.1.5 Applications and Limitations
MD simulations are often used to simulate biomolecules, such as proteins. In many
cases NMR or other structural data are available, allowing a direct comparison between
experiments and simulations. Not only biomolecules, but polymers in general can be
simulated, such as sugar-oligomers, or simply polyethers. In physics, MD is used to
examine the dynamics of atomic-level phenomena that cannot be observed directly, such
as thin film growth. It is also used to examine the physical properties of nanotechnological
devices that have not or cannot yet be created.
In biophysics and structural biology, this method is frequently applied to study protein-
ligand and protein-protein complexes and lipid bilayers, and even for ab initio predictions
of protein structures by simulating the folding of the polypeptide chain from a random
coil.
One should not leave this discussion without reminding ourselves that there are significant
limitations to Molecular Dynamics as well. In Molecular Dynamics, the realization of the
simulation depends on the ability of the potential chosen to reproduce the behavior of the
material under the conditions at which the simulation is run. The problem of selecting,
or constructing potentials (the so-called force-field problem) is still under debate in the
scientific community.
Typical MD simulations can nowadays be performed on systems containing hundred thou-
sands, or, perhaps, millions of atoms, and for simulation times ranging from a few hundred
nanoseconds to more than one millisecond. While these numbers are certainly respectable,
one may run into conditions where time and/or size limitations become important. A MD
simulation is meaningful when the simulation time is much longer than the relaxation time
of the quantities, this work is interested in those simulations. Most of the processes of
2.2 Continuum Mechanical Fundamentals 25
interest and experimental observations are at or longer than the time scale of milliseconds
or longer. Thus, it is not uncommon to find cases where the relaxation time of a physical
property is orders of magnitude larger than times achievable by simulation. A limited
system size can also constitute a problem.
Hence, the major challenge in MD simulations is to chose system sizes of sufficient com-
plexity for the question but small enough to achieve sufficiently long time scales.
2.2 Continuum Mechanical Fundamentals
The following section provides a brief introduction into the continuum mechanics funda-
mentals. In this section, the kinematic relations are introduced in Section 2.2.1, followed
by the governing balance laws in Section 2.2.2. Finally, the mathematical representation
of the linear viscoelastic solid is discussed in Section 2.2.3.
2.2.1 Kinematics
This subsection is dedicated to the geometrical description of the deformation of material
bodies on the basis of dual bases and metric tensors. The deformation gradient, the trans-
port mechanisms between reference and actual configurations is discussed. Furthermore,
strain measures and stresses are introduced and derived from the deformation gradient.
For a more detailed information see Ehlers [45, 47] or Markert [113].
Body placement and motion
A material body B is the three-dimensional connected manifold of material points P
embedded in the Euclidean point space, compare (Figure 2.3). The set of all boundary
points enveloping the body B describes the body surface S.
A fixed point O can be defined as the origin of a fixed global Cartesian coordinate system
represented by the orthonormal basis vectors ei. Based on the origin O a placement or
motion function χ can be formulated, which correlates each material position vector X,
at any time t ≥ t0, each spatial point x of the current configuration,
x = χ(X, t). (2.8)
The above relation is expressed with respect to the reference configuration, and therefore
it represents the Lagrangean (or material) description of the motion. So the inverse
function of the above equation reads the Eulerian (or spatial) description of the motion,
which is expressed with respect to the current configuration,
X = χ−1(x, t). (2.9)
The existence of the Eulerian motion function means that the each material point P of
the current configuration has a unique reference position X at time t0. A mathematically
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Figure 2.3: Material body B in different configurations.
necessary and sufficient condition for the existence of Equation (2.9) is given, if
J = det
∂χ(X, t)
∂X
= det
∂x
∂X
6= 0, where J is the Jacobian. (2.10)
A displacement vector u can be introduced as the difference between the current and the
reference position vector,
u = x−X. (2.11)
Following the motion function, the material velocity and acceleration fields are defined as
x˙ :=
d
dt
χ(X, t), x¨ :=
d2
dt2
χ(X, t). (2.12)
Proceeding from Equation (2.10), the material deformation gradient7 F and its inverse
F−1 can be defined as
F :=
∂χ(X, t)
∂X
=
∂x
∂X
= Grad x, F−1 =
∂χ−1(x, t)
∂x
= grad X. (2.13)
Furthermore, additional transport mechanisms for area elements dA and volume elements
dV of the reference configuration to the respective quantities da and dυ of the actual
configuration can be constructed [18],
dx = F dX,
da = cofF dA,
dυ = detF dV. (2.14)
7By use of Equation (2.11), the material deformation gradient is also defined as F := Gradx =
I+ Gradu.
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If the initial condition8 of an undeformed reference configuration is taken into account,
the condition in Equation (2.10) becomes
J = det F > 0. (2.15)
A physical interpretation of the different values for J is given in (2.16) with
J

> 0 : Shrinkage / extended dV,
= 0 : Shrinkage on material point,
< 0 : Recovering dV on the opposite material side (unphysical).
(2.16)
Deformation and strain measures
This subsection gives a brief introduction into the particulars of finite deformation and
strain measures, which result from the consequences of the polar decomposition of the
solid deformation gradient. The polar decomposition theorem splits any linear mapping
tensor uniquely into a proper orthogonal rotation tensor and either a symmetric right
stretch tensor or a symmetric left stretch tensor. For a more comprehensive introduction
please consult the works of Ehlers [46, 47] or Markert [113]. Concerning the development
of deformation measures, F can be decomposed in the following manner:
F = R U = V R, (2.17)
wherein, U and V are the symmetric positive definite right and left stretch tensors,
respectively, whereas R is a proper orthogonal rotation tensor, i. e.,
RTR = I, det R = 1. (2.18)
Strain measures can be constructed by using the length variation of line elements during
the motion. Hence, on the one hand, the square length of the line element dx in the actual
configuration can be expressed by the corresponding line element dX of the reference
configuration, viz.:
‖dx‖2= dx · dx = dX · FTF dX := dX ·C dX. (2.19)
On the other hand, the square of the length of a line element dX of the reference config-
uration expressed by a corresponding line element dx of the actual configuration yields
‖dX‖2= dX · dX = dx · FT−1F−1 dx := dx ·B−1 dx. (2.20)
The obtained tensors are namely the right and left Cauchy-Green deformation tensors C
and B, respectively. Making use of the polar decomposition theorem (2.17),
C = FT F = (R U)T R U = UT (RT R)U = U U,
B = F FT = V R (VR)T = V(R RT )VT = V V. (2.21)
8Note that the gradient operator Grad (·) = ∂x/∂X denotes the partial derivative with respect to the
reference position vector X. Proceeding from an undeformed reference configuration at t0, the associated
initial condition F(t0) = I holds for the material deformation gradient, where I denotes the second-order
identity tensor. Therefore, detF(t0) = det I = 1.
28 Chapter 2: Theoretical Background of Methods
Now, it is clear that C and B purely describe a deformation, since they do not depend
on the rotational part R but only on the stretching parts of deformation gradient F.
Additional strain measures are obtained by regarding the difference of squares of line
elements of the referential and current configuration. Following this, one obtains:
‖dx‖2 − ‖dX‖2= dX ·C dX− dX · dX = dX · (C− I) dX,
‖dx‖2 − ‖dX‖2= dx · x− dx ·B−1 dx = dx · (I−B−1) dx, (2.22)
which results in the definition of the Green-Lagrangean and the Almansian strain tensors:
E :=
1
2
(C− I) and A := 1
2
(I−B−1). (2.23)
The first one is named Green-Lagrangean strain tensor E, which refers to the reference
configuration. The second one relates deformations to the current configuration and is
referred to as Almansian strain tensor A. Both tensors are related to each other via a
contravariant9 push-forward and pull-back transformation as defined in Figure 2.4.
Furthermore, there are transport theorems, which shift second-order tensors from the
reference to the current configuration, see Figure 2.4.
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actual 
configuration
F
T( )F
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C = FTF
E =   (C - I) 12
_
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A =   (I - B-1)12
_
A E
Figure 2.4: Contravariant forward and backward transport mechanisms of the strain mea-
sures at reference and current configurations.
Finally, note that there are several other possibilities to define strain measures which are
different to the ones mentioned above, but will have no relevance in this thesis. For a
detailed discussion of deformation and strain measures and the corresponding rates, the
interested reader is referred to the works of Truesdell and Noll [158], Holzapfel [82] or
Ehlers [46, 47].
For the small deformation i. e., small displacement gradients Grad u applications, the
general non-linear theory can be reduced to the geometrically linear theory using the
standard methods of the linearization. In this context, Haupt [71] suggested the norm of
the displacement gradient as a measure for the smallness of the deformation in the geo-
metric linear theory. The linearization is applied using Taylor-series to several kinematic
variables in the direction of solid deformation increment ∆u.
9Generally, tensors can be formulated within finite deformation theories with respect to curvilinear
coordinates (natural basis representation) with co- and contravariant basis vectors, cf. e. g., [51]. The
transport mechanisms between configurations depend on the type of the variants, i. e., co or contra.
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The linearized forms for the kinematic quantities F, J and E are obtained around the
undeformed state, i. e., Grad u¯ = 0 and Grad ∆u = 0, reading
Flin = I + Grad u (exact) ,
Jlin = 1 + Div u ,
Elin =
1
2
(Grad u + GradT u).
(2.24)
If the assumption of small strains is considered instead of finite theory, no distinction
between reference and actual configurations is needed, i. e.,
X ≈ x, Grad u ≈ 0, =⇒ F ≈ I, and J ≈ 1. (2.25)
Moreover, the linear strain tensor in the subsequent treatment will be expressed by
ε =
1
2
(grad u + gradT u). (2.26)
For further information about the kinematic formulations and linearization, the interested
reader is referred to the works by, e. g., Ehlers [49, 50], Heider [75], Markert [113] and the
quotations therein.
Concept of stress
In general, the deformations of a body are always connected with some kind of resistance.
One way of measuring this resistance is by introducing the stress, which has the physical
dimension force per unit of area. Imagine a body B which is subjected to body forces by
actions from a distance (e. g., gravitation) and to contact forces t acting on the surface
S. If an arbitrary cut with normal n is made through the body B, it must be possible
to find a traction vector t(x, t,n) on the cut surface, which by integration over the cut
surface is in equilibrium with the sum of all forces acting on the remainder of B.
The idea by Cauchy was then to relate t(x, t,n) to a stress tensor concept given by T(x, t),
which can be accomplished with Cauchy’s theorem stating
t(x, t,n) = T(x, t) n. (2.27)
Herein, n is the outward oriented unit surface normal, see Figure 2.5. Using the differential
surface force df , it is possible to relate the Cauchy stress tensor to a surface element in
the actual configuration as
df = t da = T n da = T da. (2.28)
In this context, the partial Cauchy stress T is often referred to as the true stress, as it
relates the current force df to the current oriented area element da. Other stress tensors
can be introduced by relating the differential contact force df to the referential area
element dA. Inserting the transport of area elements into Equation (2.28) leads to
df = T da = T (det F) FT−1dA (2.29)
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Figure 2.5: Body B cut into two parts B1 and B2 showing t(x, t,n) and n on the cut
surface.
with
τ = T det F,
P = T (det F) FT−1, (2.30)
where τ is known as the Kirchhoff stress, also known as weighted Cauchy stress, while P
denotes the so-called 1st Piola-Kirchhoff stress which represents the nominal or engineering
stress, as it relates the current force df to the referential (undeformed) area element dA.
Hence, P must have a two-field character which can also be deduced from the incomplete
covariant pull-back of the Kirchhoff stress yielding in general non-symmetric stress
P = τ FT−1. (2.31)
Following this, the introduced stress tensors must be of covariant nature. This fact can
also be concluded with the definition of covariant line elements dx leading to contravariant
oriented area elements da and, thus, to covariant stress measures, as the variance changes
when da appears in the denominator. In order to symmetrize P, the rest of the pull-back
operation in Equations (2.31) has to be applied yielding
S = F−1 τ FT−1 = F−1 P, (2.32)
known as the 2nd Piola-Kirchhoff stress S with its basis system in the reference configu-
ration. Note that S has no direct physical interpretation. Instead, S naturally occurs if
the invariant stress power is computed on different configurations.
2.2 Continuum Mechanical Fundamentals 31
In finite deformation theories, T(x, t) is exploited to derive several stress tensors in dif-
ferent configurations such as the 1st and the 2nd Piola-Kirchhoff stress. However, under
the assumption of infinitesimal strains, there is no need to distinguish between the con-
figurations, and thus, T(x, t) can be used directly in balance relations for the numerical
treatment.
2.2.2 Balance Relations
Balance equations in continuum mechanics represent a set of material independent equa-
tions (general statements), which are needed to balance various volume-specific scalar and
vectorial quantities. In the framework of continuum mechanics, balance relations exist
for the conservation of mass, momentum, moment of momentum (angular momentum),
energy and entropy. Thereby, the energy balance, as an axiomatic statement, is only
required if temperature effects are taken into account. Due to the fact that in the context
of the present work only isothermal processes are considered, the relevant balances for
the description of boundary-value problems are the balances of mass, momentum and
moment of momentum, which are illustrated in the following. For a detailed discussion of
the balance relations of energy and entropy the interested reader is referred to Haupt [72],
Markert [114] Ehlers [48] and Steinmann [152].
The structure of the above mentioned balance equations can be generalized in the following
manner by supposing Ψ and Ψ as the densities of some volume-specific scalar- and vector-
valued quantities in the body B, respectively [48, 72]:
d
dt
∫
B
Ψ dυ =
∫
S
φ · n da +
∫
B
σ dυ +
∫
B
Ψˆ dυ,
d
dt
∫
B
Ψ dυ =
∫
S
Φ n da +
∫
B
σ dυ +
∫
B
Ψˆ dυ.
(2.33)
Therein, φ ·n or Φn are the scalar- or vector-valued density of the effluxes of the quantity
through the surface S of the body B, where n is the outward-oriented unit surface normal
vector. Moreover, σ or σ are the supply terms and Ψˆ or Ψˆ are the production terms of
the mechanical quantity.
Assuming that the fields Ψ and Ψ are continuous and continuously differentiable, one
obtains by differentiation of the left hand side of Equation (2.33) under consideration of
dυ˙ = div x˙ dυ:
d
dt
∫
B
Ψ dυ =
∫
B
(Ψ˙ + Ψ div x˙) dυ,
d
dt
∫
B
Ψ dυ =
∫
B
(Ψ˙ + Ψ div x˙) dυ,
(2.34)
where div(·) is the divergence operator corresponding to the spatial gradient grad(·).
Using the Gauss’s divergence theorem in order to transform the surface integrals of Equa-
tion (2.33) into volume integrals, the local forms of the balance relations are given by
Ψ˙ + Ψ div x˙ = div φ+ σ + Ψˆ,
Ψ˙ + Ψ div x˙ = div Φ + σ + Ψˆ.
(2.35)
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Balance of mass
The mass balance results from the postulation that in a closed system the mass of a body
B is conserved,
M(B) =
∫
B
ρ dυ = const. =⇒ d
dt
∫
B
ρ dυ = 0, (2.36)
where ρ = ρ(x, t) represents the local mass density. Comparing the above equation with
the general structure of a scalar-valued balance relation (2.33)1, the following quantities
can be identified:
Ψ = ρ, φ = 0, σ = 0, and Ψˆ = 0.
Using the general relation (2.35)1, this results directly in the local form of the mass balance
ρ˙+ ρ div x˙ = 0. (2.37)
Balance of momentum
The momentum p of the body B is defined via
p(B, t) =
∫
B
ρ x˙ dυ. (2.38)
Balancing this quantity, one axiomatically introduces that the temporal change of the
momentum corresponds to the sum of surface and body forces acting on the body B, viz.:
d
dt
∫
B
ρ x˙ dυ =
∫
S
t da +
∫
B
ρ b dυ. (2.39)
Therein, t is the stress vector on the surface S of the body B, which is associated with
the Cauchy stress tensor T by the Cauchy theorem as introduced in (2.27).
Furthermore, ρb is the supply term, whereby b is normally interpreted as the overall
gravitation g. The comparison with Equation (2.33) results in the following relations:
Ψ = ρ x˙, Φ = T, σ = ρ b, and Ψˆ = 0.
Thus, under consideration of the local mass balance (2.37), one obtains with Equa-
tion (2.35)2 the local form of the balance of momentum:
ρ x¨ = div T + ρ b. (2.40)
Balance of moment of momentum (angular momentum)
The temporal change of the body moment of momentum equals the sum of moments of
all forces acting on the body B taken with respect to the same arbitrary reference point
(here O). The corresponding local form becomes then
x× (ρ x¨) = x× (div T + ρ b). (2.41)
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Inserting the balance of momentum Equation (2.40) into Equation (2.41) yields
0 = I×T ⇐⇒ T = TT , (2.42)
which is known as the Boltzmann axiom, a condition for the axial vector of T resulting
in a symmetric Cauchy stress tensor and vice versa.
2.2.3 Viscoelastic Material Behavior
In this section, the mechanical properties of linear viscoelastic materials and their math-
ematical representation have been discussed. For a comprehensive introduction to vis-
coelastic solids, the reader is referred to Markert [113].
One of the principal features of elastic behavior is the capacity for materials to store
mechanical energy when deformed by loading, and to release this energy totally upon
removal of the loads. Conversely, in viscous flow, mechanical energy is continuously dissi-
pated without storage. A number of important engineering materials simultaneously store
and dissipate mechanical energy when subjected to applied forces. In general, viscoelas-
ticity is the property of materials that exhibit both viscous (dashpot-like) and elastic
(spring-like) characteristics when undergoing deformation.
Viscoelastic materials10 show a rate-dependent relationship between stress and strain [71],
and they possess stress relaxation (a step constant strain results in decreasing stress), creep
or retardation (a step constant stress results in increasing strain), and hysteresis (a stress-
strain phase lag) properties. Particularly, the relaxation and creep response originally led
to the description as materials with fading memory, with the fading memory represented
by means of rate-dependent functionals implying that the current state of stress (or strain)
depends on the whole strain (or stress) history [29].
To maintain simplicity, linear viscoelasticity is used. Linear viscoelasticity is usually ap-
plicable only for small deformations and/or linear material responses. Thus, infinitesimal
strain theory should be employed for this case. Among the numerous existing models, the
generalized Maxwell model has been chosen, since it is incorporated in most finite element
programs. However, before going into its details, a short introduction will be given to
linear viscoelasticity in general.
E η
σ σ σσ
A B
Figure 2.6: Schematic representation of the (A) Hookean spring and (B) Newtonian dash-
pot.
Linear viscoelastic behavior can be conceived as a linear combination of springs (the
elastic component) and dashpots (the viscous component) as depicted by Figure 2.6. In
10Because of one of the motivating applications, one particularly interested in the viscoelastic material
properties of the amorphous phase of spider silk.
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uniaxial tension, spring and dashpot have the governing equations11
σ = Eε, and σ = ηε˙ (2.43)
where σ is the stress, ε is the strain that occurs under the given stress, and E is the elastic
modulus of the material with units N/m2. Moreover, η is the coefficient of viscosity of
the material with units Ns/m2.
These elements can be arbitrarily combined by serial and parallel connections. The three
basic models that are typically used to model linear viscoelastic materials are the Maxwell
model (dashpot and spring connected in series), the Kelvin-Voigt model (dashpot and
spring connected in parallel) and the standard linear viscoelastic solid model. In principle,
any form of the relaxation or creep function is conceivable, if it fits the observed material
behavior. A more physically-based selection of relaxation and creep functions can be
motivated by reverting to rheological models, where, in this contribution, the generalized
Maxwell model as depicted in Figure 2.7 and governing equations in the Table (2.1) is
the convenient choice. This model leads to a distribution of discrete relaxation times,
which in turn produces a relaxation spread over a wider frequency range than can be
modeled accurately with a single relaxation time. The usage of rheological models to
phenomenologically display viscoelastic material behavior is directly connected with the
differential representation of the material equations.
σ1
E0
E1 E2 EN-1 EN
σ2 σN
σNEQσEQ
σN-1
(εe)n
(εi)nη1 ηN-1 ηNη2
ε
Figure 2.7: Schematic representation of the generalized Maxwell model (1+2N element
linear viscoelastic solid). The gray color box shows a schematic representation for N = 1:
Poynting-Thomson model (standard linear viscoelastic solid).
This model combines the Maxwell element and a Hookean spring in parallel. The linear
solid extra stress is composed of the elastic stress response σEQ of the single spring and
the sum of the transient viscoelastic overstresses σn (n = 1, ..., N) collected in σNEQ.
Usually, σEQ is referred to as equilibrium (EQ) stress associated with the time infinity
11There are two standard approaches that have been used to develop constitutive equations for the linear
viscoelastic materials: mechanical analogs and the Boltzmann superposition principle. In this thesis, the
mechanical analogs approach is used. For a detailed discussion of the Boltzmann superposition model,
the interested reader is referred to Markert [113].
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property of the single spring, whereas σNEQ represents the non-equilibrium (NEQ) part
describing the perturbation away from thermodynamic equilibrium.
Here, the presentation is restricted to only one Maxwell element (N = 1), it is also called
Poynting-Thomson model, the descriptive differential equation is found by rephrasing
the time derivative of the equilibrium condition for the solid extra stress by use of the
compatibility and constitutive relations such that only the external state variables σ and
ε as well as their rates remain. We, assume constant spring elasticities E0, E1 > 0 and
a constant dashpot viscosity η1 > 0. The total stress σ is the sum of the stress in the
Maxwell branch and the parallel spring:
σ = σEQ + σNEQ. (2.44)
Herein, σNEQ is the stress in the Maxwell model, in which the stress in each element is
the same and equal to the imposed stress, while the total strain is the sum of the strain
in each element:
σNEQ = σe = σi, and ε = εe + εi, (2.45)
where σe is the elastic stress in the spring and σi is the inelastic stress in the dashpot of
the Maxwell element. The constitutive laws of each element read
σEQ = E0ε, σe = E1εe, σi = η1ε˙i. (2.46)
Adding the stress in the equilibrium spring, the total stress is
σ = E0ε+ E1(ε− εi) = (E0 + E1)ε− E1εi. (2.47)
From combing and solving above equations, one finds the evolution equation
ε˙i =
E1
η1
(ε− εi) = 1
τ
(ε− εi) (2.48)
with τ1 = η1/E1 > 0 representing the relaxation time constant of the single Maxwell
element.
Finally, one obtains the first-order ordinary differential equation (ODE)
σ + τ1σ˙ = E0ε+ τ1(E0 + E1)ε˙. (2.49)
The characteristic behavior of the standard linear viscoelastic model described by the
above differential equation is best displayed by regarding its response to subjected step
loads in the strain or the stress variable. By Laplace transformation or, alternatively, by
integration with the aid of an integrating factor, the readily determined solution of the
ODE (2.49) due to a strain step ε(t) = ε0H(t) takes the form
σ(t) = (E0 + E1e
−t/τ1)ε0H(t) = G(t)ε0H(t), (2.50)
and for a prescribed stress step σ(t) = σ0H(t), it follows
ε(t) =
[
1
E0 + E1
+
E1
E0(E0 + E1)
(1− e−t/τ¯ )
]
σ0H(t) = J(t)σ0H(t). (2.51)
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Table 2.1: Governing equations of the generalized Maxwell model (1+2N element linear
viscoelastic solid).
Equilibrium: σ = σEQ + σNEQ
σNEQ =
∑N
n=1 σn
σn = (σe)n = (σi)n
where n = 1, ..., N ; Maxwell elements
Kinematics: ε = (εe)n + (εi)n
Constitutive laws: σEQ = E0ε
(σe)n = En(εe)n
(σi)n = ηn(ε˙i)n
where τn = ηn/En : relaxation times
Herein, H(t) is the Heaviside step function with the properties H(t) = 0 if t < 0 and H(t) =
1 if t ≥ 0, ε0 and σ0 are the strain and stress amplitudes, respectively, and τ¯1 = E0+E1E0 τ1 >
0 denotes the retardation time constant. In Equations (2.50) and (2.51), the constitutive
relaxation and retardation functions G(t) and J(t), respectively, are now easily identified.
Figure 2.8 shows the general characteristic mechanical behavior of the Poynting-Thomson
model. The time response of this model is typically hereditary; this property implies that
the solid remembers (fading memory) previous stress-strain histories so that the history
influences the current stress-strain state within the solid.
Figures 2.8A and B show the distinct relaxation and retardation (creep) responses to
subjected step loads as given in Equations (2.50) and (2.51), where the relaxation and
retardation times can directly be identified. Stress relaxation refers to the behavior of
stress reaching a peak and then decreasing or relaxing over time under a constant strain
ε0. Creep refers to the general characteristic of model to describe an instantaneous elastic
response under a constant stress σ0 until an asymptotic level of strain is reached. Vis-
coelastic materials do not store 100 % of the energy under deformation, but actually lose
or dissipate some of this energy. This dissipation is also known as hysteresis. Hysteresis
explicitly requires that the loading portion of the stress strain curve must be higher than
the unloading curve. Thus, from a stress-strain curve one can see the hysteresis as the
area between the loading and unloading curve. Figure 2.8C shows the hysteretic stress
response due to a cyclic loading at a constant strain rate. Finally, Figure 2.8D displays
the frequency dependent stiffness and damping effects of viscoelastic solid materials. It
is seen that the hysteresis loop expands, if the strain rate is increased, thereby increasing
the energy absorption and the transient stiffness.
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Figure 2.8: Characteristic behavior of the standard linear viscoelastic solid model: (A)
Relaxation function describes stress evolution in material subjected to a constant strain ε0.
(B) Creep function describes strain evolution of material subjected to a constant stress σ0.
(C) Stress-strain curve forms hysteresis loop in the response to a constant strain rate. (D)
Hysteretic stress responses to cyclic processes at different strain rates ε˙1 > ε˙2 > ε˙3. Figure
reproduced from Markert [113].
2.2.4 Elastoplastic Material Model
In materials science, plasticity describes the irreversible deformation of a material as a
response to applied forces. For example, a piece of metal being bent or pounded into a new
shape displays plasticity, as permanent changes occur within the material itself. It is also
described as a permanent molecular rearrangement. For a detailed discussion of plasticity,
the interested reader is referred to Drucker and Prager [42] and Miehe [118, 119].
σ σ
Figure 2.9: Schematic representation of an elastoplastic material model.
Figure 2.9 shows the simplest mechanical system, which can be described the elastoplastic
material model. The spring element represents elastic properties while the slider repre-
sents rigid perfectly plastic model. In small deformation problems, the total strain rate is
the additive decomposition of elastic and plastic components. The serial arrangement of
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an elastic spring and a plastic friction element infers stress equivalence in the two elements.
In other terms the state of stress in the elastic spring is limited by the slip conditions of
the friction element. The behavior in the elastic regime σ < σy is described by Hooke’s
law, while the plastic response is active when the stress reaches the yield condition, such
that under persistent plastic loading when σ = σy.
A condition that defines the limit of elasticity and the beginning of plastic deformation
under any possible combination of stresses is known as the yield condition or yield crite-
rion. In the elastic region, all the deformation will be recovered once the applied stress is
removed (i. e., unloading of stress to zero). However, once the yield condition is reached,
some of the deformation will be permanent in the sense that it cannot be recovered even
after the stress is removed completely. This part of the deformation is known as plastic
deformation.
For the simple case of one-dimensional loading, the yield criterion is defined by a stress
value, the yield stress, beyond which plastic deformation will occur. In other words, the
criterion of yield is graphically represented by a point. For the case of two-dimensional
loading, the yielding will occur, when the combination of stresses applied in the two
loading directions touches a curve. In the same way, for the case of three-dimensional
loading, plastic deformation will occur once the combination of the stresses applied in the
three directions touches a surface (often known as the yield surface). In short, the yield
criterion is generally represented by a surface in the stress space. When the stress state
is within the yield surface, material behavior is said to be elastic. Once the stress state
is on the yield surface, plastic deformation will be produced.
Here, the von Mises criterion was used to determine whether a material has yielded [120].
This criteria is based on the determination of the distortion energy in a given material.
To simplify the discussion, assume that the principal stresses are given by σ1, σ2 and σ3.
According to this criterion [120], yielding occurs when
σv =
√
1
2
[(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2]. (2.52)
In the dragline fiber, crystalline units are firmly composed of several β-sheets, like a stiff
cube. However, pulling of a β-sheet from the crystalline unit is a irreversible process for
small deformation. Thus, in this thesis, small strain plasticity with ∗MAT 003 material
model was used for the crystalline units (Section 3.2).
2.2.5 The Finite Element Method
The purpose of this section is to briefly review the finite element method (FEM), which
is necessary to perform realistic computations of spider silk fiber and its constituents in
Chapters 3 and 4. The FEM has been proven to provide a suitable formalism for generat-
ing a discrete algorithm to approximate the solution of partial differential equations. In
this section, the weak formulations of the balance of momentum equation is introduced.
On the basis of these formulations, the spatial discretization using the FEM is carried
out.
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The weak formulations and the discretization methods are introduced very briefly in this
section. The reader interested in more fundamental details is referred to the textbooks of
Bathe [11], Hughes [87] and Zienkiewicz and Taylor [175].
General steps of the FEM
With the advancement of computer technology and numerical solution techniques, spe-
cialized finite element software in structural analysis and design has now become commer-
cially available and used widely in industry. Finite element results provide the engineer
with insights into the stress and strain distributions of a structure, something which is
not possible or is at best time-consuming using conventional analytical methods. An
own (self-written) FEM code is in a way more flexible and mostly specific purpose ori-
ented, however, the commercial finite element program is that it is not written to solve
just a specific problem for the novice, and also it is a powerful tool for pre-processing
and post-processing. Several commercial finite element softwares are available today,
such as ABAQUS [3], ANASYS [4], COMSOL [1], and LS-DYNA [2]. Among them, the
COMSOL Multiphysics simulation software package was used for FEM simulations of a
fiber model in a previous study [24]. COMSOL has some limitations, e. g., the extensive
memory requirement for solving models, limited choices in modeling 3D contacts, or the
lack of user-friendly material subroutines for own material definitions. To overcome these
limitations, the LS-DYNA finite element analysis software [2] is used within the present
work12.
Here, the general steps included in a finite element method formulation and solution to an
engineering problem are presented. There are two general direct approaches traditionally
associated with the finite element method as applied to structural mechanics problems.
One approach, called the force or flexibility, method, uses internal forces as the unknowns
of the problem. To obtain the governing equations, first the equilibrium equations are
used. Then necessary additional equations are found by introducing compatibility equa-
tions. The result is a set of algebraic equations for determining the redundant or unknown
forces. The second approach, called the displacement or stiffness, method, assumes the
displacements of the nodes as the unknowns of the problem. For instance, compatibility
conditions requiring that elements connected at a common node, along a common edge, or
on a common surface before loading remain connected at that node, edge, or surface after
deformation takes place are initially satisfied. Then the governing equations are expressed
in terms of nodal displacements using the equations of equilibrium and an applicable law
relating forces to displacements.
These two direct approaches result in different unknowns (forces or displacements) in the
analysis and different matrices associated with their formulations (flexibilities or stiff-
nesses). It has been shown that, for computational purposes, the displacement (or stiff-
ness) method is more desirable because its formulation is simpler for most structural
analysis problems. Furthermore, a vast majority of general-purpose finite element pro-
grams have incorporated the displacement formulation for solving structural problems.
12A comparison between COMSOL and LS-DYNA for fiber models was done in [131], and concluded
that for very fine meshes both finite element codes produce nearly the same results.
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The FEM involves modeling the structure using small interconnected elements called
finite elements. A displacement function is associated with each finite element. Every
interconnected element is linked, directly or indirectly, to every other element through
common (or shared) interfaces, including nodes and/or boundary lines and/or surfaces.
By using known stress/strain properties for the material making up the structure, one can
determine the behavior of a given node in terms of the properties of every other element
in the structure. The total set of equations describing the behavior of each node results
in a series of algebraic equations best expressed in matrix notation.
Step 1 discretize and select the element types. It involves dividing the body into
an equivalent system of finite elements (spatial discretization) with associated nodes and
choosing the most appropriate element type13 to model most closely the actual physical
behavior. The elements must be made small enough to give usable results and yet large
enough to reduce computational effort. Step 2 select a displacement function. It
involves choosing a displacement function within each element. The function is defined
within the element using the nodal values of the element. Linear, quadratic, and cubic
polynomials are frequently used functions because they are simple to work within the
finite element formulation. The functions are expressed in terms of the nodal unknowns.
The same general displacement function can be used repeatedly for each element.
Step 3 define the stress/strain relationships. Stress/strain relationships are neces-
sary for deriving the equations for each finite element. The stresses must be related to the
strains through the stress/strain law – generally called the constitutive law. The ability to
define the material behavior accurately is most important in obtaining acceptable results.
Step 4 derive the element stiffness matrix and equations. To develop the stiffness
matrix and equations for two- and three-dimensional elements, it is much easier to apply
a work or energy method. The principle of virtual work (using virtual displacements), the
principle of minimum potential energy, and Castigliano’s theorem are methods frequently
used for the purpose of derivation of element equations.
Step 5 assemble the element equations and introduce boundary conditions.
In this step, the individual element nodal equilibrium equations generated in Step 4
are assembled into the global nodal equilibrium equations. The direct stiffness method,
whose basis is nodal force equilibrium, can be used to obtain the global equations for the
whole structure. To remove the singularity problem, one must invoke certain boundary
conditions (or constraints or supports), so that the structure remains in place instead of
moving as a rigid body.
Step 6 solve for the unknown degrees of freedom. The obtained global equation
from Step 5, modified to account for the boundary conditions, is a set of simultane-
ous algebraic equations that can be written in expanded matrix form. These equations
can be solved by using an elimination method (such as Gauss’s method) or an iterative
method (such as the Gauss-Seidel method). Step 7 solve for the element strains
and stresses. For the structural stress-analysis problem, important secondary quantities
of strain and stress (or moment and shear force) can be obtained because they can be
13The choice of elements used in a finite element analysis depends on the physical makeup of the body
under actual loading conditions. One-dimensional elements: bar, beam; two-dimensional elements: trian-
gular, quadrilateral; three-dimensional elements: tetrahedral, regular hexahedral, irregular hexahedral.
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directly expressed in terms of the displacements determined in Step 6.
Step 8 interpret the results. The final goal is to interpret and analyze the results for
use in the design/analysis process. Determination of locations in the structure where large
deformations and large stresses occur is generally important in making design/analysis
decisions. Post-processor computer programs help the user to interpret the results by
displaying them in graphical form.
Weak formulations
Many problems in engineering are modeled using partial differential equations (PDE).
The set of PDE describing such problems is often referred to as the strong form of the
problem. The differential equations may be either linear or non-linear. Very frequently
the equations under consideration are so complicated that finding their solutions in closed
form or by purely analytical means is either impossible or impracticable, and one has to
resort to seeking numerical approximations to the unknown analytical solution.
Therefore, approximation methods, in particular the finite element method, are used in
order to find an approximate solution. This method actually does not solve the so-called
strong form of the differential equation. It merely solves its integral over the domain, the
so-called weak form of the differential equation. This weak formulation forms the basic
prerequisite for the application of this approximation method.
The weak formulations of the governing balance relations are obtained from the cor-
responding strong formulations for the geometrically linear and static case14 (of Equa-
tion (2.40)) by the following steps, which are exemplary demonstrated for the balance of
momentum:
1. Scalar multiplication with the test function δu,
div σ · δu + ρ b · δu = 0 , (2.53)
2. integration over the domain Ω of the body B,∫
Ω
div σ · δu dv + ρ b · δu dv = 0 , and (2.54)
3. applying the chain rule of the divergence theorem and the Gaussian integral theorem
to obtain a divergence-free volume integral as well as a surface integral representing
14In the geometrically linear case, the referential and current configuration are infinitesimally adjacent.
Therewith, the stress tensor of the actual and the stress tensor of the reference configuration are approx-
imately the same. Hence, instead of the stress tensor T of the actual configuration, σ is introduced as
the stress tensor of the geometrically linear theory. Therefore, Equation (2.40) becomes, div σ+ ρ b = 0
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the Neumann boundary conditions15,∫
Ω
div σ · δu dv =
∫
Ω
[div(σ δu)− σ ·Grad δu] dv
=
∫
∂Ω
(σ δu) · n da−
∫
Ω
σ ·Grad δu] dv
=
∫
∂Ω
σn · δu da−
∫
Ω
σ ·Grad δu] dv ,
(2.55)
where ∂Ω represents the boundary surface of the domain Ω, and n is the outward
oriented unit surface normal vector on ∂Ω.
This procedure is well-known within the framework of the FEM. Furthermore, for the
complete definition of initial boundary-value problems (IBVP), additionally to the weak
forms of the balance of momentum, boundary conditions on the surface ∂Ω have to be
defined. For this reason, the whole boundary Γ = ∂Ω of Ω is split into a part Γσ, on which
the generalized stress or Neumann conditions defining the stress boundary conditions are
significant and another Dirichlet16 part Γu, on which the primary variables u have to be
specified.
Thus, the weak form of the momentum balance reads
Gu =
∫
Ω
σ ·Grad (δu) dv −
∫
Ω
ρ b · δu dv −
∫
Γσ
σn · δu da = 0 . (2.56)
Discretization in space (the spatial domain)
The numerical solution of an IBVP requires the discretization of the weak form of the gov-
erning equations in space and time. For simplicity purpose, here, a spatial discretization is
carried out by the FEM, whereas a time integration is implemented by the implicit Euler
method. For more comprehensive information about FEM, the readership is referred to
Zienkiewicz and Taylor [175], Segerlind [143], Hughes [87] among others.
The FEM is a numerical algorithm used to define an approximate solution of differential
equations describing the different physical processes. To be more precise, the domain Ω
is approximated by a spatially discretized domain Ωh, which is represented by the union
of the non-overlapping subdomains Ωe:
Ω ≈ Ωh =
Ne⋃
e=1
Ωe , (2.57)
where Ne is the number of subdomains. The corresponding number of nodes is denoted
as Nn.
15The Neumann condition (given normal stresses) appears inside the formulation. It is called a natural
boundary condition.
16The Dirichlet condition (given displacements) is imposed apart from the formulation and involves
imposing it homogeneously to the testing function δu. It is called an essential boundary condition.
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Correspondingly, the infinite dimensional trial space17 S(·)(t) and test space18 T(·) could
be transformed into the corresponding discrete spaces Sh(·)(t) and T h(·), where the discrete
trail function is defined as
u(x, t) ≈ uh(x, t) = u¯h(x, t) +
Nn∑
j=1
φju(x) u
j(t) ∈ Shu(t). (2.58)
Therein, u¯h represent the Dirichlet boundary conditions. The functions φju = {φju1, ...φjud}
are the global basis functions of the respective trial functions, which correspond to the
set of the nodal points Nn and are normalized such that
φj(x) = 0, if x /∈
⋃
e∈Nej
Ωe, j = 1, .., Nn,
φjd(xi) = δ
j
i , i, j = 1, .., Nn ,
(2.59)
where δji is the Kronecker symbol. The nodal value of the primary variable or the so-called
degrees of freedom (DOF) uj depend only on time t, while the basis functions depend
only on the spatial position x.
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Figure 2.10: 1D, 2D and 3D elements.
In order to derive the discrete test functions, the Bubnov-Galerkin approximate method
is applied. In the framework of this method, the same global basis functions are used for
trial and test functions. Moreover, in contrast to the discrete trial functions, the discrete
17The trial functions are defined as Su(t) = {u ∈ H1(Ω)d : u(x) = u¯(x, t) on Γu}, where H1(Ω)
represents the Sobolev space with d ∈ {1, 2, 3} as a dimension of the problem and Γ(·) the boundaries of
the domain Ω for a corresponding primary variable.
18The test functions of the corresponding primary variables disappear on the Dirichlet boundaries and
are defined as Tu = {δu ∈ H1(Ω)d : δu(x) = 0 on Γu}.
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test functions disappear at the Dirichlet boundaries Γu and are given in the following
form:
δu(x) ≈ δuh(x) =
Nn∑
j=1
φju(x) δu
j ∈ T hu . (2.60)
The whole procedure of the spatial discretization leads to a system of linear independent
equations for each unknown nodal quantity (each DOF).
Numerical integration
For the numerical treatment of the integral representation of the governing equations
within the finite element implementation, the equations should be reformulated with
respect to the local coordinates ξ of the element. This can be carried out, for example,
by the Gauss quadrature method, cf. Zienkiewicz and Taylor [175]. Using this numerical
integration technique and the geometrical relation of the local coordinates ξ to the global
coordinates x via ξ → x = he(ξ), an integral can be approximated as follows:
∫
Ωe
f(x)dx =
Nk∑
k=1
f(he(ξk))Je(ξk)wk . (2.61)
Therein, Nk is the number of integration (Gauss) points ξk, wk is a certain weight factor
and Je denotes the Jacobian determinant.
For further discussion of the time integration and the solution procedure of the global
system of equations, the interested reader is referred to the works by Zienkiewicz and
Taylor [175] and Markert [113].
Chapter 3:
Modeling the Properties of Dragline Silk
Constituents
The purpose of this chapter is to obtain the mechanical properties of the individual con-
stituents of dragline silk as well as the friction between them by using Molecular Dynamics
simulations. Subsequently, the determined effective material parameters are used in the
continuum mechanics-based finite element method approach. Spider dragline silk can be
viewed as a semicrystalline material constituted by amorphous flexible chains reinforced
by strong and stiff crystalline units. First, the stiff crystallite units will be presented,
wherein four different finite element models of crystals are built with elastoplastic mate-
rial properties. The models are then validated with all atom simulations.
In a next section, all atom simulations of the amorphous phase are carried out at different
pulling velocities. Subsequently, a stochastic model, which describes the full velocity
dependence of the friction force per residue, is used to obtain the coefficient of viscosity of
the amorphous phase. Then, the obtained mechanical properties, such as the coefficient of
viscosity and the shear modulus, are used to perform finite element simulations to study
the general mechanical behavior of the amorphous phase.
Finally, a viscous friction parameter between the two phases in silk is determined by
sliding the amorphous phase relative to crystalline units in all atom simulations. The
determined parameter will be used for finite element simulations, in which viscous effects
at different loading rates are examined.
3.1 Dragline Silk Architecture
Spider silk is a protein fiber that has always fascinated men and has been recognized for
its remarkable mechanical properties. Spider webs can take a variety of forms, with one
of the most common type being the orb-web. Orb-web weaving spiders can have up to
seven different pairs of silk glands [23], each producing a silk with a specific purpose and
unique mechanical properties. The strongest among these, the dragline silk, is one of
the toughest materials known [64]. The dragline silk is produced in the major ampullate
gland and is used to make the framework of the web and the threads that attach the
web to external structures. The minor ampullate gland is morphologically similar to the
major ampullate gland, and synthesizes fibers for the web radii. An orb-web’s capture
spiral, in part composed of viscid silk formed by the flagelliform gland, is coated with a
sticky silk [40, 41].
Among the different types of spider silks, dragline from the golden orb weaver Nephila
clavipes and the garden cross spider Araneus diadematus are most intensely studied.
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Dragline silks are generally composed of two major proteins [79, 172] and it remains
unclear whether additional proteins play a significant role in silk assembly and the final
silk structure. The two major protein components of dragline from Nephila clavipes are
termed MaSp1 and MaSp2 (Major Ampullate Spidroins) and from Araneus diadematus
ADF-3 and ADF-4 (Araneus Diadematus Fibroin). It is assumed that, based on amino
acid composition, within the dragline fiber the molecular ratio between MaSp1 and MaSp2
and between ADF-4 and ADF-3 is approximately 3 to 2 [68, 79]. In this thesis, the
mechanical properties of dragline from spider Araneus diadematus are studied in detail.
natural webframe 
of spider silk
dragline silk
silk fiber
alanine-rich
crystals of β-sheets
glycine-rich
amorphous matrix
viscid silk: 
catching spiral silk
skin core
Figure 3.1: Schematic representation of the spider dragline silk fiber architecture, high-
lighting the more viscous catching spiral silk (dotted black line), and the much tougher
web-frame and dragline silk. Dragline silk fibers are mainly composed of alanine-rich stiff
nano-crystals of β-sheets in the glycine-rich disordered peptide chains, whose composition
is shown schematically.
Dragline silk is composed of several proteins with repetitive sequence motifs [79, 172].
These motifs are composed of a polyalanine (A)n or polyalanyl-glycine segment (AG)n,
where n ranges from 6 to 9 amino acids [64]. These short peptides organize themselves
into mechanically strong crystal blocks measuring 2-5 nm on a side [66]. These are called
crystalline units and constitute 10-25 % of the fiber volume in dragline silk [64, 103].
They are made of parallel or anti-parallel layers of β-strands [10] interacting via hydrogen
bonds and via non-covalent bonds between amino acid side chains [171]. They are axially
oriented along the fiber and reinforce the soft matrix by acting as comparably stiff cross-
linking sites [20]. These crystalline units link protein molecules together and could be
seen as nodes in a molecular network, conferring silk its strength [126, 128].
The glycine-rich stretches are some 20-30 amino acids long and can be further subdivided
into two general motifs, GGX and GPGXX (X refers to a limited subset of amino acids),
which are believed to adopt specific structures that have a profound impact on the prop-
erties of the fiber [15, 74]. The successive GPGXX-motif is postulated to create β-turn
spirals stabilized by internal hydrogen bonding. The consecutive turn structures are sug-
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gested to provide an elasticity module to the silk similar to the β-turn spiral of elastin [74].
The GGX-motif is suggested to form 31-helical structures that could interact to maintain
alignment among adjacent protein chains in the fiber [74]. Moreover, besides conferring
stabilizing intermolecular hydrogen bonds in the amorphous region, the GGX-motif has
been suggested to also be included in β-sheet regions [15]. Apart from these structural
features, the amorphous region is predominantly disordered [79, 128, 147]. The longer
peptide sequences are oriented along the fiber axis in stretching experiments [20, 64, 132].
The mechanical properties of the dragline silk are thought to be conferred largely to the
secondary structure of the amino acid motifs in the repetitive part of the proteins [74],
which assemble into a hierarchical structure (Figure 3.1). The combination of high tensile
strength and extensibility is what gives the dragline its unique mechanical properties. This
dual nature arises due to the silk’s composite architecture of the glycine-rich amorphous
region and the rigid crystallites as described above.
In this study, the aim was to understand the mechanical properties of spider silk fibers
using a bottom-up computational approach. To this end, individual constituents as well
as their combination of the dragline silk have to be studied independently at the level
of secondary structure1. The present approach bridges two different methods and scales:
atomistic Molecular Dynamics (MD) simulations for individual and coupled units, and
Finite Element Method (FEM) simulations for those individual and coupled units, and an
ultimately comprehensive 3D fiber model on the continuum scale. Thus, in this work, the
effective mechanical properties, such as elastic moduli, rupture stresses and strains, are
obtained from all atom simulations. Subsequently, the determined parameters are used
in the continuum mechanics-based FEM approach.
3.2 Crystalline Units
The outstanding mechanical toughness of silk fibers is thought to be mainly brought about
by embedded crystalline units acting as crosslinks of silk proteins in the fiber. In this sec-
tion, the mechanical response of these highly ordered β-sheet structures is examined by
FEM. From a previous MD study [171], structural parameters and stress-strain relation-
ships of four different models, from spider and Bombyx mori silk peptides, in anti-parallel
and parallel arrangement, were determined and found to be in good agreement with X-
ray diffraction data. Stress-strain curves of the stiff crystalline units of spider dragline
silk and cocoon silk from the silk worm Bombyx mori were reproduced. Moreover, the
mechanical and geometrical properties of crystalline units were obtained for later use in
the 3D fiber model.
3.2.1 Introduction to Crystalline Units
Silk proteins build up the most tough fibers known to human being [64]. Relating the
extraordinary fiber mechanics to the underlying molecular architecture is a requisite for
1The excellent mechanical properties of spider silk have been attributed to the specific secondary
structures of proteins in the repeating units of dragline silk proteins [74].
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rationally altering properties of natural silk fibers and for designing artificial analogues.
However, understanding of the complex nanoscale protein structure of silk fibers, has
remained a challenge. Spider dragline silk and cocoon silk from the silk worm Bombyx
mori are commonly studied silk proteins, which share a common protein sequence and
fiber architecture.
Crystals of a few nanometers in size with highly ordered β-strands oriented along the fiber
axis have been found by X-ray analysis [64, 66, 103]. Although the ratio of anti-parallel
and parallel β-sheets remains largely unknown for most silk types, solid-state nuclear
magnetic resonance experiments suggested roughly a 2:1 ratio of anti-parallel to parallel
conformations in wild silkworm fibers, independent of fiber stretch [10].
The crystalline units crosslink the protein chains in the fiber via hydrogen bonding. In
a stretched fiber, the external force propagates along the fiber axis by straightening the
disordered protein chains, subjecting the crystalline β-sheet regions to a tensile force along
the β-sheet axis. Their elastic modulus in silkworm silk has been recently determined by
X-ray diffraction experiments [102]. The extraordinary toughness of silk fibers is assumed
to be encompassed by the strong and stiff crystalline units, taking up the mechanical load
in stretched fibers as stiffness attracts force and thereby protecting against failure.
In previous work [171], all-atom models were built composed of the repeat units found
to be present in spider dragline silk and cocoon silk [64, 74], AAAAAAAA (denoted
the AA model) and GAGAGAGAAS (denoted the GA model), respectively. Since silk
fibers presumably consist of a mixture of possible β-sheet arrangements2, both parallel
and anti-parallel models were constructed. Force-probe MD simulations were performed
to assess the mechanical resistance of the four different silk models. The rupture forces,
stiffness in terms of a backbone pull-out resistance and internal force distribution from
MD simulations were determined. Then, a simplified β-skeleton model for the anti-parallel
and parallel β-sheet was developed to predict the effect of hydrogen bond geometry on
the mechanical response, the basis of the all-atom models.
The amorphous matrix mostly contributes to the elasticity of silk fibers before approach-
ing the yield point. In fact, β-sheet crystallites, previously regarded as rigid bodies, were
reported to have a strength of four times higher than the amorphous matrix [102]. Previ-
ously, it was observed that crystallites show perfect linear elasticity up to rupture at high
stress [171]. Plastic deformation of the β-sheet crystalline unit is a very probable mech-
anism involved in the post-yield behavior of silk fibers. Thus, a FEM model of β-sheet
crystalline units with elastoplastic material behavior is proposed.
3.2.2 Elastoplastic Behavior of Crystals
For a quantitatively correct prediction of a silk fiber’s macroscopic mechanical response,
the correct behavior of each constituent is needed that links molecular structure to
2The β-sheet rich crystalline units consist of a poly-alanine sequence in spider dragline silk and cocoon
silk, in an anti-parallel or parallel arrangement of the strands. In an anti-parallel arrangement, the
successive β-sheet strands alternate directions so that the N-terminus of one strand is adjacent to the
C-terminus of the next. In a parallel arrangement, all of the N-termini of successive β-sheet strands are
oriented in the same direction.
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fiber mechanics. The present work focuses on the mechanical response of the β-sheet
rich units using FEM for the anti-parallel and parallel β-sheet on the basis of the all-
atom models. For the finite element modeling of the crystalline unit, the commer-
cial solver LS-DYNA (version: ls971s R5.1.1) [2] was used together with the pre- and
post-processing tool LS-Pre-Post [5]. A rectangular cube of the crystalline unit of size
2.048× 1.908× 2.691 nm3 was modeled by using 8 node hexahedral (brick8) elements.
The model of the rectangular cube was fixed at one end and pulled at another end. The
boundary conditions were set in the model to mimic the MD simulation setup.
LS-DYNA offers a variety of material models, each with capabilities designed to capture
the unique behavior of the different components. A material model is described by a set
of mathematical equations that gives a relationship between stress and strain. Material
models are often expressed in a form in which infinitesimal increments of stress (or stress
rate) are related to infinitesimal increments of strain (or strain rate). In this section,
the crystalline component is calibrated by using built-in material models of LS-DYNA.
The crystalline component behaves like an elastoplastic material, which undergoes non-
reversible changes of shape in response to applied forces. There are several mathematical
descriptions of plasticity. The ∗MAT 003 material model3 is used from LS-DYNA, which
is suited to model isotropic and kinematic hardening plasticity. The mechanical prop-
erties such as elastic modulus and the rupture strain were taken directly from all atom
simulations [171].
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Figure 3.2: Stress-strain curves for parallel and anti-parallel arrangement for (A) AA
(dragline silk) and (B) GA (cocoon silk) using the plastic material model with kinematic
hardening from LS-DYNA.
The mechanical response of the four different models was characterized by determining
their stress-strain relationship (Figure 3.2). The stress-strain curves of the AA models are
shown in Figure 3.2A. The elastic response is linear up to the rupture strain, and then plas-
tic deformation started. The slope of the stress-strain relationship, i. e., elastic modulus of
AA anti-parallel of 68± 3.0 GPa, which is more than twice of the corresponding parallel
crystalline unit (29± 2.0 GPa). In the previous work, additional MD simulations with a
3The basic elastoplastic material model has a bilinear stress-strain curve. One has to define elastic
modulus, yield stress and hardening modulus. There is a choice of isotropic or kinematic hardening (or
behavior between these extremes); this refers to how work-hardening affects the yield stress when the
loading is reversed.
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10-fold higher loading rate were performed to assess the effect of the loading rate onto
the obtained stress-strain relation, and a similar resistance force was obtained. Therefore,
the stress-strain response is largely independent from the loading rate or magnitude of
force applied, in contrast to the load-dependent forces inducing complete rupture. Thus,
crystalline units can be approximated to be rate-independent.
Similarly, linear stress-strain relations were found for the analogous GA crystalline units,
with a higher stiffness for the anti-parallel over the parallel structure (Figure 3.2B). As-
suming a mixture of 2:1 (GA anti-parallel : parallel) [10], the present work predicts a
modulus of GA crystals in the range of 27-87 GPa, compared to the experimental value
of 26.5 GPa [102].
These elastic modulus values are in good agreement with X-ray diffraction data [102],
and geometrical dimensions [10] of crystalline units also closely resemble the structure
of crystalline regions in silk fibers. However, it should be noted that an elastic mod-
ulus as given in previous experimental work [10, 102] is not straightforwardly defined
for crystalline units due to the translation of tensile to primarily shear stress within the
nanoscale structure (see Methods Section in [171]). The MD simulations results [171]
are reproduced, which show spider silk crystals AA to outperform GA, and anti-parallel
to outperform parallel arrangements in terms of rupture stress and stiffness. Here, the
mechanical response in terms of stress and strain is defined, which will be useful for finite
element modeling of the full 3D fiber model.
3.2.3 Recap
In summary, the correlation between the all-atom simulations and finite element analysis
of mechanical properties of the crystalline unit was established. Finite element analysis
reproduced the MD simulation results and suggested an elastoplastic material behavior
of the crystalline component.
The proposed continuum based crystalline model has many advantages, e. g., enables to
construct a 3D fiber model, in which these crystalline cubes are distributed randomly4,
enabling to test fibers with modified parameters. Moreover, the model takes into account
the transverse shrinking of β-sheet crystallites and the irreversible pulling out strand of
the crystalline unit. In fact, plastic deformation of the β-sheet crystalline units turns
out to be a very probable mechanism of the post-yielding behavior. More importantly,
crystalline units can be considered the major source of plastic deformation in silk fibers,
and the crystals are used to introduce elastoplastic material characteristics into the 3D
fiber model (discussed in Chapter 4).
This study presents a first step toward a physical structure based model of silk fiber
mechanics. The ultimate aim of the ongoing effort in the field of silk mechanics is to
bridge the nanoscale structure and the macroscopic mechanics in order to design new
silk-inspired high-performance materials.
4FEM has the ability to model bodies composed of several different materials because the element
equations are evaluated individually.
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3.3 Amorphous Phase
The rate-dependent stress-strain behavior of spider dragline silk has been observed already
decades ago, and has been attributed to the disordered sequences in silk proteins, which
compose the soft amorphous matrix. However, the actual molecular origin and magni-
tude of internal friction within the amorphous matrix has remained unaccessible, since
experimentally decomposing the mechanical response of the amorphous matrix from the
embedded crystalline units is challenging. Thus, internal friction in the amorphous matrix
was computationally assessed in this thesis. MD simulations were carried out to obtain
friction forces for the relative sliding of peptide chains of Araneus diadematus spider silk
within bundles of these chains as a representative unit of the amorphous matrix in silk
fibers. Subsequently, the friction coefficient and coefficient of viscosity of the amorphous
phase were computed by extrapolating the obtained simulation data to the viscous limit.
Finally, the determined parameters from MD simulations were used for FEM simulations
of the amorphous phase. With this model, the general mechanical characteristics of
amorphous phase, such as stress relaxation, creep and hysteresis, can be assessed.
3.3.1 Introduction to Amorphous Phase
As detailed in Section 3.1, natural silk fibers share a common structural architecture
consisting of two major types of components, namely, the crystalline and the amorphous
phases. The mechanical properties of the crystalline units are discussed in detail in
Section 3.2. The amorphous phase of a silk fiber is composed of longer, glycine-rich
peptide sequences [20, 64, 132]. Even though the amorphous phase may include some semi-
ordered peptide chains with partial secondary structure (Section 3.1), it is predominantly
disordered [79, 128, 147], rendering itself as a soft matrix in stretching experiments [20,
64, 132]. Several studies model this region as Hookean springs, i. e., with linear elastic
behavior [24, 156].
In the recent studies, a finite element model of spider silk fiber was developed in a bottom-
up approach based on MD simulations, and that model was able to predict a crystallinity-
dependent fiber stiffness, strength and toughness in agreement with experiments [24].
However, this model relied on a linearly elastic stress-strain behavior of silk, and thus can
not help to understand or predict the intriguing non-linearity of silk mechanics and its rate-
dependent behavior. Another recently developed non-linear model made use of atomistic
simulations for parametrization, but was otherwise based on an empirical formula to
reproduce the particular stress-strain behavior observed in loading experiments [34], and
also did not take its rate-dependency into account.
Thus, correctly assessing plastic and viscous deformations of the crystalline and amor-
phous phases, respectively, is required to integrate their nanoscale mechanical response
into a more realistic, purely bottom-up, and therefore, predictive macroscopic fiber model.
The mechanical response of the crystalline phase of dragline spider silk has been compa-
rably well studied [24, 99, 133, 171]. The crystal component of silk largely behaves like
an elastoplastic material, which undergoes non-reversible yielding in response to applied
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forces [131] (Section 3.2). The second component, the amorphous phase, in contrast, is
much less well characterized. The large extensibility and viscous behavior as evidenced
by the rate-dependency of silk mechanics in tensile loading experiments [32, 40, 161, 169]
is likely to originate from the amorphous phase due to sliding of peptide chains, that
is, internal molecular friction. Indeed, the amorphous phase can at low forces reversibly
extend, as suggested by the increased orientation of chains along the fiber axis observed in
stretching experiments [20, 64, 132]. Similarly, the large hysteresis (∼ 65 %) observed in
such loading experiments is thought to arise from the internal friction in the amorphous
phase [41, 64, 161].
The historic concept for friction encountered when two materials in contact move, or tend
to move, relative to each other has become known as the Amontons-Coulomb model [8, 31].
This model is stating that friction force is proportional to normal load, but independent of
apparent contact area and sliding velocity. In the presence of adhesive contacts and for low
sliding velocities, the crossover to viscous friction, where friction force becomes propor-
tional to sliding velocity, is described by Schallamach’s phenomenological model [19, 139],
which treats the stochastic breakage and rebinding of individual adhesive bonds. Re-
cent studies started to bridge the considerable conceptual gap between models for friction
between adhesive macroscopic bodies and the way friction is invoked in protein folding
studies. Namely, valuable insight was gained into single-molecule friction by using MD
simulations of adsorbed peptides on surfaces [84, 144]. Also, recent work on viscous
friction of hydrogen-bonded matter addressed the issue of peptide friction on polar sur-
faces, and used stochastic theory to extrapolate simulation data into the experimentally
important viscous friction regime [53].
The following sections focus on the rate-dependent behavior of the amorphous phase
of MA silk fibers. Friction forces between the peptide chains of the amorphous phase
were assessed by using MD simulations. This allowed to deduce a friction coefficient and
coefficient of viscosity at the viscous limit. The coefficient of viscosity in proof-of-principle
finite element models of the amorphous phase of silk was employed. This quantitative
analysis of the viscoelasticity of the amorphous phase presents an important step towards
developing a bottom-up visco-elastoplastic model for MA silk fibers.
3.3.2 Coefficient of Viscosity from MD
Molecular modeling
The amorphous phase of spider silk from the MA gland of Araneus diadematus [64] was
modeled. The all-atom model comprises the 24-residue sequence (GPGGYGPGSQGPS-
GPGGYGPGGPG, where G, P, Y, S, Q are glycine, proline, tyrosine, serine, and glu-
tamine, respectively) known to form the amorphous phase in Araneus diadematus spider
silk fibers. Bundles of 4, 8 and 24 fully stretched peptide chains were constructed by using
the software Visual Molecular Dynamics (VMD) [88]. For the subsequent MD simulation,
the GROMACS 4.5.3 package [151] was used, and the OPLS-AA force field [93] for the
protein. Simulation boxes of ∼ 18.0× 4.5× 4.5, ∼ 18.0× 6.5× 6.5 and ∼ 19.0× 8.7× 8.5
nm3 for the bundles of 4, 8 and 24 peptide chains were used, respectively. The bundles
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of the amorphous chains were subsequently solvated in TIP4P water [91]. The solvent
included Na and Cl ions with a concentration of 0.1 mol/liter, resulting in a system size
∼ 0.1 million atoms for the 8 peptide chains bundle, and ∼ 0.06 and ∼ 0.2 million atoms
for the bundles of 4 and 24 peptide chains, respectively. Periodic boundary conditions
were employed to remove artificial boundary effects. A cutoff of 1.0 nm for non-bonded
interactions was chosen, and the Particle Mesh Ewald (PME) method [38] to account for
long-range electrostatic interactions. To increase the simulation time step, LINCS [76]
was used to constrain all bond vibrations. A time step of 0.002 ps was used. Simulations
were performed in the NPT (isothermal-isobaric) ensemble with a temperature of 300
K and a pressure of 1 bar. Nose´-Hoover [83, 122] temperature coupling was used with a
coupling time constant of 0.1 ps, and Parrinello-Rahman [124, 130] pressure coupling with
a coupling time constant of 1 ps. The algorithms and simulation parameters mentioned
above are discussed in detail in Section 2.1.3.
Each of the three simulation systems was relaxed by energy minimization. Then performed
500 ps position-restrained simulations to equilibrate the solvent, subjecting each protein
atom to a harmonic potential with a force constant of 1660 pN. Finally, all models were
fully equilibrated for 200 ns allowing the silk peptides to adopt relaxed conformations and
to partially entangle within the bundle. The resulting equilibrated simulation systems
served as starting points for Force-Probe Molecular Dynamics (FPMD) simulations [67]
(Section 2.1.4).
In the FPMD simulations, half of the peptide chains were pulled in one direction and the
other half pulled in the opposite direction, as schematically shown in the Figure 3.3A, B.
Force was applied by attaching one-dimensional harmonic springs with a force constant of
830 pN acting at the center of mass of the alanines at the C and N-termini. The pulling
direction for the each peptide was chosen such that the peptide chains were maximally
surrounded by peptide chains pulled in the opposite direction, as shown in Figure 3.3B.
The springs were moved with constant velocities ranging between 0.01 and 100 m/s. There
was no external force exerted on the peptides perpendicular to the pulling direction. The
FPMD simulations were stopped after the amorphous peptide chains separated from each
other.
At atomistic scale, atoms can only pack against each other as spheres, resulting in a
smooth and yet non-planar surface. Thus, neither assuming a contact plane nor directly
measuring the atomic surface of atoms in contact is correct. Instead, here, the solvent
accessible surface area (SASA) was used. A solvent of a certain size is rolled on surfaces
and then the difference to the individual peptide surfaces gives the contact area. Figure 3.4
shows that contact area is nearly the same, i. e., very robust, for the range of radius of
the solvent probe between 0.14 and 0.6 nm. Thus, a solvent probe of radius 0.14 nm is
used, which is commonly used for water, and is also roughly an average radius of heavy
atoms in proteins, i. e., relevant for peptides contacting other peptides.
To obtain a shear stress, which then can be converted into a coefficient of viscosity,
the contact area between the peptide chains was calculated, which is the resistance area
against sliding. Microscopic contact areas between a polymer surface and a crystalline
surface as well as between polymer surfaces have been previously calculated on a molecular
scale to determine shear stresses [78, 141]. Here, the SASA was used as the peptide-peptide
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Figure 3.3: Setup and results of a representative FPMD simulation of an 8-chain bundle
at 0.01 m/s. Schematic representation of the 8-chain bundle model in front view (A) and
side view (B). For each peptide chain, a harmonic spring that moves with constant velocity
V was connected to one terminus residue (solid spheres) and the other terminus residue
is free. The friction force F is acting in opposite direction to the applied velocity. In the
pulling simulations, 4-peptides (in red color) are pulled in one direction and the remaining
4-peptides (in blue color) are pulled in opposite direction. (C) Friction force of 4-peptide
chains in one direction as a function of time, and (D) displacement of the terminus residue
as a function of time. Snapshots show the sliding of peptide chains from each other taken
at times that are marked by arrows.
contact area. The SASA of the whole bundle was subtracted from the sum of the areas
of only the peptide chains pulled in one and in the other direction, when considered in
isolation, which then, after division by two, gives the interface or contact area of the
peptides between each other.
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Figure 3.4: Contact area between the opposite sliding peptide chains in the amorphous
8-chain bundle as a function of radius of solvent probe.
MD simulation results and discussion
To assess the frictional forces within the amorphous phase of spider silk at atomistic scale,
atomistic FPMD simulations were used. The simulation setup is depicted in Figures 3.3A
and B, showing a front and side view of the 8-chain bundle model, respectively. In this
simulations, 24-residue peptide chains of the amorphous phase of Araneus diadematus
spider silk were used (for details on the model setup and boundary conditions see Materials
and Methods). A harmonic spring was connected to one terminus of the peptide chain,
and moved at constant velocity, while the other terminus of the peptide was kept free to
move. By pulling half of the amorphous peptide chains in one direction, and the other half
in the opposite direction, one could measure the force and displacements upon sliding the
amorphous peptide chains relative to each other within the bundle. Figure 3.3C shows
a typical force profile and related structures of the 8-chain bundle model. The resulting
average displacement of the center of mass of the pulled peptide chains in one direction
is shown in Figure 3.3D.
After an initial phase of local adhesive bond breaking between peptide-peptide and bond
rotation, which occurred mostly near to the point of load application (till 100 ns), a
number of stick-slip events were observed involving collective adhesive bond breaking of
the initially relaxed and entangled peptide bundle (horizontal bars in Fig. 3.3C and D).
Slipping of chains within the bundle is reflected by a sudden increase in the displacement
of terminal residues (Fig. 3.3D) along with a significant decrease in force (Fig. 3.3C). At
the peak force, a maximum number of adhesive bond breaking between peptide-peptide
occurred in the amorphous phase, resulting in a sudden drop of interactions between
chains, and the peptide chains continue to slide from each other with low resistance.
Finally, four chains were detached from the 8-chain bundle (around 700 ns), and the
remaining low frictional force was solely caused by dragging the bundles through water.
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The obtained peak frictional force of ∼ 875 pN comprises both peptide-peptide and
peptide-solvent friction, as previously shown for a similar system [53]. Next the fric-
tional forces within the silk peptide bundle were separated from frictional forces with
water. To this end, the peak forces obtained for the 8-chain bundle from FPMD simula-
tions as described above was compared to the peak force required to pull a 4-peptide chain
bundle with the same pulling velocity through water, as observed in additional FPMD
simulations with all chains pulled in the same direction.
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Figure 3.5: Total friction force per residue (F/N) as a function of pulling velocity (V )
for three simulation systems, a 4-chain, an 8-chain and a 24-chain bundle. There is no
significant difference in the F/N for the 8-chain and 24-chain bundle.
To assess the dependency of the computed forces on the size of the bundle, the FPMD
simulations were repeated with two different amorphous peptide chain systems, namely a
4-chain bundle (with 2 chains pulled in each direction), and a 24-chain bundle (with 12
chains in each direction). Figure 3.5 shows the total friction forces per residue between
the peptide chains of the amorphous phase at different pulling velocities. For the 4-chain
bundle, the total friction forces per residue were low compared to the other two simulation
systems, because in this simulation system only two chains were pulled in each direction,
so that they were only minimally surrounded by chains pulled in opposite direction. For
the 8-chain and 24-chain bundles, the total friction forces per residue were within the
range of standard error. Therefore, friction forces can be considered to be independent
beyond an 8-chain bundle, and thus, all the simulations were carried out for the 8-chain
bundle simulation system, which was computationally more feasible than the 24-chain
bundle, in particular at low pulling velocities. In the following, results for the 8-chain
bundle are presented.
The peptide-peptide friction is a result of the peptide-peptide adhesive bonding, and an
only negligible amount of water is located within the peptide bundle, as shown by the 2D
number-density maps in Figure 3.6.
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Figure 3.6: 2D number-density maps: solvent number density along the z direction and
averaged over the amorphous bundle width (left) and density along the x direction and
averaged over the bundle length (right).
Thus, peptide-peptide friction is dry. Nevertheless, one cannot exclude an indirect effect
of water on peptide-peptide friction, as any peptide-peptide hydrogen bond lost during
pulling is substituted by a peptide-water hydrogen bond, so that water can be expected
to effectively lower the frictional forces, which however would require additional vacuum-
simulations to be tested.
Figure 3.7 shows the frictional force per residue for dissociating the bundle (red), for drag-
ging through water (green), and their difference, i. e., the peptide-peptide friction (black).
Data was obtained at different pulling velocities, and averages and standard errors over
four independent FPMD simulations are given. Note that the friction force corresponds
to an effective mean force, i. e., it is assumed that force is on an average equally shared
by all residues.
For low velocities (< 4 m/s), the total friction forces and peptide friction forces are of
similar magnitude, i. e., water gives rise to an only minimal resistance on the peptide chain
sliding. For velocities beyond 4 m/s, peptide-water friction substantially contributes to
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Figure 3.7: Friction force per residue (F/N) as a function of pulling velocity (V ) for the
8-chain bundle. Both peptide-peptide and peptide-water friction contribute to the total
friction.
the total frictional force. One should note that there were no water molecules observed
within the peptide bundle, so that friction with water is effectively restricted to the outer
peptide surface in this simulation system, i. e., peptide-peptide friction is dry. Figure 3.7
shows that the water friction force grows nearly linearly with applied velocity. A straight
line would follow the linear viscous law, Fw/N = γ0 × V [53], where Fw is the water
friction force, N the number of residues, and V the applied constant velocity. From the
simulations, the per-residue friction coefficient γ0 with water is ∼ 0.8 × 10−12 Ns/m,
which is very close to the experimental value of bulk water of 1 × 10−12 Ns/m [36, 149].
Viscous friction coefficient
In this thesis, a stochastic model was used to extrapolate the friction to the viscous regime,
and this model is briefly reviewed here. For a more comprehensive description, the reader
is referred to [12, 43, 53]. Here, the earlier proposed stochastic model [53] is modified in
the context of the present work, and briefly discussed.
In the presence of adhesive contacts and for low sliding velocities, the crossover to viscous
friction is described by the general Schallamach’s phenomenological model [12, 43]. For
large velocities, the linear viscous law describes the friction coefficient, and allows a rough
estimate of the friction coefficient in the viscous regime. However, it does not describe the
crossover from large and intermediate velocities to the regime of linear friction at small
velocities. In the experiments, such as force spectroscopy experiments or when biological
molecular motors are active, the applied external force causes molecular motions in the
µm/s range. Thus, one is experimentally always in the viscous linear response regime,
where friction forces are proportional to velocities. To extract the viscous friction coeffi-
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cient from the sliding of silk peptide chains in these simulations, one has to extrapolate
the data to the viscous regime. In order to reliably extrapolate the data to F/N → 0
(and thus to small V), one needs a theory that encompasses both non-linear and linear
friction regimes.
An early model for the hindered diffusion of a protein along its one-dimensional folding
reaction coordinate [177], considers a single particle in a sinusoidal potential,
U(x) = mUbond
(cos[2pix/a]− 1)
2
, (3.1)
where Ubond denotes the energy and the cooperativity factor m measures how many bonds
break collectively. Now, one derives a friction coefficient for the particle moving along
this energy landscape, as given by Equation (3.1) from the closed-form solution of the
Fokker-Planck equation [177]. The Fokker-Planck equation, which gives the probability of
finding the single particle at position x, can be solved exactly for any harmonic potential.
At this point, the collectivity factor is introduced by using the Fokker-Planck friction
coefficient. Suppose there are N residues, each making a bond, so that a total of N bonds
between two peptides (in the present simulations it is pulling the amorphous bundle) are
formed. Each bond moves within its own potential that has a height of Ubond, and all move
at a mean velocity V . In the Fokker-Planck equation, bond refers to a peptide-peptide
adhesive bond. In the absence of collectivity, the friction coefficient per bond would be
given as
γresi
γ0
= 1 + Ψ
(
aFamorph
kB T N
,
Ubond
kB T
)
. (3.2)
The main point here is that the total friction force Famorph/N produced by all N bonds
is equally distributed among the bonds. One should introduce collectivity, such that m
bonds act in a coherent manner, the friction coefficient per residue reads
γresi = γ0 +
γ0
m
Ψ
(
maFamorph
kB T N
,
mUbond
kB T
)
. (3.3)
Here, γ0 is the solvent friction, which is taken as γ0 ∼ 0.8 × 10−12 Ns/m (see above
discussion). The first term on the right side of Equation (3.3) describes the friction in
the high-velocity limit, which in all fits has been approximated by the friction coefficient
in bulk water per residue, γ0 = 0.8 × 10−12 Ns/m. The second term on the right side
of Equation (3.3) is due to the friction caused by a quasi-particle consisting of m bonds
that move coherently in a corrugated potential with an amplitude of mUbond. The 1/m
prefactor of the Ψ term is due to the fact that γresi is defined as the friction coefficient
per residue. Again, it is assumed that the total friction force Famorph/N is equally shared
among all quasi-particles (each consisting of m bonds), which explains the scaling of the
force-dependent argument of Ψ. Note that here again the friction force Famorph to be
equally distributed on all residues was assumed.
The stochastic model was used to fit the simulation data set by varying the bond coopera-
tivity, the strength of bonds, or the lattice constant. Figure 3.8A shows different fits of the
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Figure 3.8: Comparison of the simulation data set with the solution of the Fokker-Planck
equation given in Equation (3.3). (A) Peptide friction coefficient per residue as a function
of peptide friction force per residue. Red and black lines present fits of the stochastic model
to the simulation data with varying ma and mUbond/kBT , respectively. The solid red line
shows the best fit to the data. (B) Simulated coefficient of viscosity per residue as function
of shear stress × dx/N . Black lines present fits of the stochastic model to the simulation
data with varying mUbond/kBT . The most suitable fitting scheme is the solid black line.
stochastic model to the simulation data. When fixing the strength of individual residue
bonds to the value mUbond/kBT = 17.6, and treating the periodicity a as fitting param-
eter, which controls the lateral position of the scaling function (red lines in Figure 3.8A),
a value ma of 3.1 ± 0.7 was obtained, which covers the range of the simulation data.
Fixing the parameter ma to 3.15 and varying the strength of individual residue bonds
(red solid and black lines in Figure 3.8A) yields a strength of mUbond/kBT = 17.6 ± 0.7.
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Using these fit parameters for high velocities, individual residues experience the dominant
resistance from water. Therefore, the friction coefficient obtained from simulations is
∼ 0.8 × 10−12 Ns/m, which is very close to the experimental value of bulk water of
1 × 10−12 Ns/m [36, 149]. The extrapolation to low velocities gives a friction coefficient
per residue for the amorphous phase of spider silk of 3.5 ± 1.0 × 10−6 Ns/m.
On this basis, next the primary quantity of interest was extracted, the coefficient of
viscosity η for the amorphous phase of spider silk, from the MD simulations. η is defined
by Newton’s law of shear viscosity, with τ = η × dv/dx, where τ is the shear stress,
and dv/dx is the shear velocity or velocity gradient. The coefficient of viscosity η for the
amorphous phase of dragline silk from our MD simulations data is calculated by using
Newton’s law of shear viscosity. τ = η × dv/dx, where τ is the shear stress, and dv/dx is
the shear velocity or velocity gradient. To calculate dx, the velocity gradient parameter,
simulation data for the fastest velocity 100 m/s was considered. The computed dynamic
viscosity of water ∼ 0.8× 10−3 Ns/m2 was considered for the calculation. The shear stress
τ is defined as τ = F/A, where F is the friction force and A is the contact area. From
the analysis of the simulation data with F = 6921 pN, A = 6.3 nm2, and η = 0.8× 10−3
Ns/m2, we obtained an effective length of dx = 10 nm.
The shear stress τ , causing a shear deformation of the material by relative sliding, is
defined as the sliding frictional force per unit contact area. Here, the peptide-peptide
contact area was calculated from the solvent accessible area of the peptides. Figure 3.8B
shows the coefficient of viscosity per residue, η = τ × dx/(V N) from the solution of the
Fokker-Planck equation, as a function of τ × dx/N . Fits with varying potential heights
are given with mUbond/kBT of 18.71 and ma of 1.15 representing the data best (solid
line), especially in the regime of the steep increase of the coefficient of viscosity. From
the simulation results at high velocity, the coefficient of viscosity or dynamic viscosity per
residue with water is ∼ 0.8× 10−3 Ns/m2, which is very close to the experimental value
of the dynamic viscosity of water 1 × 10−3 Ns/m2 [145, 178].
From the extrapolation to low velocities, a coefficient of viscosity of the amorphous phase
of spider dragline silk of 1 ± 0.5 × 104 Ns/m2 is obtained, which is in the range of polymer
melts (103 to 105Ns/m2) [17, 28]. Polymer melt is defined as polymer liquid above its
crystallization temperatures. In a polymer melt, monomers in contact are part of the
same chain or on different chains, i. e., an ideal random solution of polymer.
3.3.3 Rate-dependent Behavior
Continuum modeling
For the finite element modeling of the amorphous phase, the commercial solver LS-
DYNA (version: ls971s R5.1.1) [2] was used together with the pre- and post-processing
tool LS-Pre-Post [5]. A rectangular cube of the amorphous phase was modeled by using
8 node hexahedral (brick8) elements. The model of the rectangular cube was fixed at
one end and pulled at another end. Figure 3.10A shows the schematic representation of
the model with boundary conditions. A viscoelastic material model, ∗MAT VISCOELAS-
TIC (∗MAT 006), was used for these elements, which is based on the power law viscoelastic
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model [2]. Hereby, the time-dependent shear modulus given by
G(t) = G∞ + (G0 −G∞)exp(−αt) (3.4)
is a function of the long term shear modulus G∞, the short term shear modulus G0, and
the decay constant α. The short term shear modulus G0 = 1.66 GPa is dominant near
t = 0, while near t = ∞, the long term shear modulus G∞ is dominant. There are two
options to calculate the shear modulus G of the amorphous phase. The first option was
by assuming the chain bundle to be a cylinder, and tensile forces to be applied on it. The
maximum force that the cylinder can withstand without failure is a peak force of 6840 pN
for 100 m/s pulling velocity. The cross-section area of the cylinder was 10.12 nm2 with a
radius of 3.18 nm. The strain in the cylinder at the peak load was 0.141 by considering
the shift in the center of mass along the pulling direction. Therefore, the Young’s modulus
of the cylindrical chain bundle was E = peak force/(cross-section area × strain) = 4.79
GPa, G = E/(2 × (1 + ν)) = 1.66 GPa, where ν is the Poisson’s ratio. Thus, the shear
modulus for our viscoelastic amorphous phase was 1.66 GPa.
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Figure 3.9: A shear stress-strain curve for the 8-chain bundle from the amorphous phase
of spider silk for 10 m/s pulling velocity with error bar (gray). In the initial portion of the
curve (till 0.07), the shear stress varies linearly with the shear strain. The linear dotted line
shows the slope of the initial portion of the curve.
As the second option, the shear modulus is estimated from the ratio of shear stress and
strain, where shear stress is the force per unit area for the relative sliding of the peptide
chains. Figure 3.9 shows the shear stress-strain behavior for the 8-chain bundle pulled at
10 m/s. The initial slope of the shear stress-strain curve was considered and obtained a
G of ∼ 1.7 GPa in agreement with the other estimate above.
The decay constant α determines the rate at which the long term modulus starts domi-
nating the material response. Here, the decay constant was defined as α = G0/η, where η
is the coefficient of viscosity, which was set to η = 1.0× 104 Ns/m2. This coefficient was
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obtained from FPMD simulations as described above.
FEM simulation results and discussion
Next, the rate-dependent behavior of the amorphous phase was determined by finite
element modeling, using the coefficient of viscosity determined from MD simulations
as described above. Viscoelasticity is the property of materials that exhibit both vis-
cous (dashpot-like) and elastic (spring-like) characteristics when undergoing deformation.
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Figure 3.10: Finite element modeling of the amorphous phase. (A) Schematic picture of
the finite element model with boundary conditions. Stress relaxation (C) in the sample of
the amorphous phase when subjected to a constant strain ε0 = 0.1 (B). Applied constant
stress σ0 = 0.14 MPa (D) and induced strain (E) as functions of time.
In the previous work, the amorphous phase was studied as an elastic material with a
Young’s modulus of 2.7 GPa and a Poisson’s ratio to 0.33 [24]. These elastic parameters
were determined by MD studies [24]. In this work, the rate-dependent stress-strain behav-
ior of the amorphous phase in terms of three typical mechanical properties was assessed,
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namely stress relaxation, creep, and hysteresis. The amorphous phase of spider silk was
loaded, more specifically a representative rectangular box of the amorphous material as
depicted in Figure 3.10A, to a constant strain of 0.1 (Figure 3.10B). The developed stress
relaxes from 75 MPa to negligible values within a few ms as depicted in Figure 3.10C. In
a creep test, a constant stress of 0.14 MPa was applied to the material (Figure 3.10D),
resulting in an instantaneous elastic straining, followed by a creep in strain up to the
equilibrium value of ∼ 4.5 % (Figure 3.10E).
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Figure 3.11: Stress-strain curves for the amorphous phase of spider silk for the different
constant strain rate loading and unloading. The area inside the hysteresis loop is the energy
dissipated due to internal friction.
Hysteresis, the dissipation of mechanical energy under cyclic loading of a material, is
a common feature of viscoelastic spider silks. Hysteresis is defined as the area under
the stress-strain curve of one loading-unloading cycle. Strain rates between 100 and
0.01 s−1 are considered, which is the range commonly applied to spider silk fibers in
experiments [35, 44, 58, 64]. In loading-unloading tests, the amorphous phase sample
was loaded to a strain of 0.2 and unloaded to zero strain. Figure 3.11B shows the stress-
strain curves for the loading of the viscoelastic amorphous material with different constant
strain rates. As expected, stress-strain curves are dependent on the rate of straining,
that is, the faster the stretching, the larger the stress required. For most of the strain
rates a significant hysteresis are observed. Load cycle experiments by Gosline [64] gave
a hysteresis for MA silks of ∼ 65 % for a constant strain rate in the range of 20-50 s−1.
In close agreement, the present studies suggest a hysteresis of ∼ 70 % in this range of
constant strain rates.
It is noted that proposed model only includes the amorphous phase, which supposedly is
the major player in the viscoelasic response of silk, but it is also likely to be altered in its
mechanical response by the incorporation of crystals.
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3.3.4 Recap
Here, the viscous friction inherent to the amorphous phase of Araneus diadematus silk was
quantified using MD simulations. The friction coefficient of the amorphous phase is in the
order of 10−6 Ns/m, which is similar to the one derived for other protein bundles [54], and a
coefficient of viscosity in the order of 104 Ns/m2, which is similar to polymer melts [17, 28].
According to a finite element analysis of only the amorphous phase, this magnitude of
the coefficient of viscosity can account for the strain rate dependent hysteresis commonly
observed in loading-unloading tests of silk fibers. This suggests the amorphous matrix,
i. e., the disordered sequences in spidroins, to be the major determinant of the viscosity
of spider silk. Crystals, instead, can be primarily considered as elastoplastic materials
(Section 3.2).
This analysis thus paves the way for a finite element model of silk fibers as an visco-
elastoplastic material, which combines elastoplastic crystals and a viscoelastic amorphous
matrix, in order to assess the determinants of its outstanding toughness.
Dragline silks are generally composed of two major protein components, which are spidroin
type I and II proteins. The dragline of Araneus diadematus, which is the silk investigated
here, consists of ADF-3 and ADF-4 (Araneus Diadematus Fibroin), and it remains unclear
whether additional proteins play a significant role in silk assembly and the final silk
structure [69, 74]. It is assumed that, based on amino acid composition, within the
dragline fiber the molecular ratio between ADF-4 and ADF-3 is ∼ 3 to 2 [69, 74]. In
the amorphous matrix, GPGXX and GGX motifs in ADF-3 are likely to form β-turn
spirals and 31-helices, respectively, while ADF-4 features only the GPGXX motif with
a propensity to form β-turn spirals [70]. This study has been restricted to ADF-4, for
which one did not impose any particular secondary structure content, resulting in a largely
disordered bundle to represent the amorphous phase. While the order of magnitude of
the forces for rupture, and thus of the newly determined coefficient of viscosity, are likely
to remain unaffected by details of the sequence and secondary structure, it remains to be
investigated what the effect of mixing two different spidroins and of including particular
secondary structure motifs might be on the internal molecular friction.
3.4 Viscous Friction between Crystalline and Amor-
phous Phase
In this section, MD simulations are described to obtain friction forces between the crys-
talline and amorphous phase of Araneus diadematus spider silk. Subsequently, the coef-
ficient of viscosity for this interface was computed by extrapolating the simulation data
to the viscous limit. Finally, the determined coefficient of viscosity was used for a FEM
simulation of a crystallite-amorphous composite.
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3.4.1 Molecular Friction
A popular model for silk is the Termonia’s network model [156], which relies on molecular
modeling of crystalline and amorphous phases. This model considers a regular lattice
of nodes connected by end-to-end vectors of chain strands with a linear stress-strain
relationship. It shows that the high stiffness and yield strength are due to the β-sheet
crystals, whereas the high extensibility comes from the amorphous glycine-rich domains.
Beyond the Termonia model, several other approaches have been proposed in the literature
to explain the mechanical properties of dragline silk. For example, hierarchical chain
models consider spider silk as being composed of many bricks organized in a hierarchy
with crystallites at its lowest level [14, 174]. Moreover, Porter et al. [132] proposed a
mean-field theory model for polymers in terms of chemical composition and degree of
order in the polymer structure using group interaction modeling procedures. All these
computational models are important for describing the material behavior at different
scales of spider silk.
However, not a single model is available that considers viscous friction between the crys-
talline and amorphous phase as they slide relative to each other. This section focuses on
the friction between the crystalline and amorphous phase of dragline silk fibers. Friction
forces between them are assessed by using MD simulations. This allowed to deduce a
coefficient of viscosity at the viscous limit along the same lines as for the amorphous
phase only (Section 3.3). The coefficient of viscosity in proof-of-principle finite element
models is employed. This quantitative analysis of the friction between them presents an
important step towards developing a bottom-up visco-elastoplastic model for dragline silk
fibers.
3.4.2 Molecular Dynamics Simulations
Molecular friction model
Here, the focus on the friction between the crystalline and amorphous phase in a dragline
silk fiber. A composite model of crystalline units and the amorphous phase of spider silk
from the MA gland of Araneus diadematus [64] was constructed. The crystalline units5
were built, which are composed of the repeat units found to be presented in Araneus
diadematus spider silk fibers, AAAAAAAA. Five layers of β-sheets, each consisting of
five β-strands of the respective sequence were arranged, such that the model exhibits
optimal hydrogen bonding.
Also, the amorphous phase composed of a 24-residue sequence of Araneus diadematus MA
silk was built. A detailed discussion of the modeling of the amorphous phase is given in
Section 3.3.2. 2 crystalline units and 7 bundles6 of fully stretched peptide chains were mod-
eled. This friction model was constructed such that 2 crystalline units were 3 nm apart,
and 7 bundles of the amorphous were between and around to those units (Figure 3.12A).
5For a detailed discussion of the crystalline unit modeling, the interested reader is referred to [171].
6Each bundle of the amorphous phase contains 8 fully stretched peptide chains, resulting in a total of
56 peptide chains.
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This model was constructed using the software Visual Molecular Dynamics (VMD) [88].
For subsequent MD simulations, the GROMACS 4.5.3 package [151], and the OPLS-AA
force field [93] for the protein was used. Simulation boxes of ∼ 12.0× 18.6× 12.0 nm3
were used.
The crystalline units and the amorphous phase models were subsequently solvated in
TIP4P water [91]. The solvent included Na and Cl ions with a concentration of 0.1
mol/liter, resulting in a system size of ∼ 0.31 million atoms. Periodic boundary conditions
were employed to remove artificial boundary effects. A cutoff of 1.0 nm for non-bonded
interactions was chosen, and the Particle Mesh Ewald (PME) method [38] to account for
long-range electrostatic interactions. To increase the simulation time step, LINCS [76]
was used to constrain all bond vibrations. A time step of 0.002 ps was used. Simulations
were performed in the NPT (isothermal-isobaric) ensemble with a temperature of 300 K
and a pressure of 1 bar. Nose´-Hoover [83, 122] temperature coupling was used with a
coupling time constant 0.1 ps, and Parrinello-Rahman [124, 130] pressure coupling with
a coupling time constant of 1 ps. The algorithm and simulation parameters mentioned
above are discussed in detail in Section 2.1.3. The simulation systems were relaxed by
energy minimization. Then 500 ps position-restrained simulations were performed to
equilibrate the solvent, subjecting each protein atom to a harmonic potential with a force
constant of 1660 pN. Finally, all models were fully equilibrated for 200 ns allowing the
silk peptides to adopt relaxed conformations and to partially entangle within the bundle
as well as with crystalline units. The resulting equilibrated simulation systems served as
starting points for FPMD simulations [67] (Section 2.1.4).
In the FPMD simulations, 7 bundles of the amorphous phase were pulled in the upward
direction, as schematically shown in the Figures 3.12A and B. Forces were applied by
attaching one-dimensional harmonic springs with a force constant of 830 pN acting at the
center of mass of the terminal residues of each bundle of the amorphous phase. The goal
of this study is to compute the friction between the crystalline units and the amorphous
phase as they slide relative to each other. Therefore, the crystalline units were position-
restrained along the pulling direction as well as in one lateral direction (as shown in
Figure 3.12A), subjecting each protein atom in this part to a harmonic potential with a
force constant of 1000 kJmol−1nm−2. The springs were moved with constant velocities
ranging between 0.02 and 20 m/s. There was no external force exerted perpendicular to
the pulling direction on the crystalline units as well as the amorphous phase. The FPMD
simulations were stopped after the amorphous phase detached from the crystalline units.
Results and discussion of molecular friction
To assess the frictional forces between the crystalline and amorphous phase of spider
silk at atomistic scale, atomistic FPMD simulations were used. The simulation setup is
depicted in Figures 3.12A and B, showing a schematic representation of the simulation
system with boundary conditions and the actual simulation system, respectively. In the
present simulations, 2 crystalline units of 5× 5 strands and 7 bundles of the amorphous
phase of Araneus diadematus spider silk (for details on the model setup and boundary
conditions see Methods) were used.
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Figure 3.12: Setup of a representative FPMD simulation of 7 bundles of the amorphous
phase and 2 units of crystals. (A) Schematic representation of the model before equilibra-
tion (left). The 2 units of crystals (cube with red) are 3 nm distance apart, and 7 bundles
of the amorphous phase (cylinder with blue) are kept around it. The loading and boundary
conditions of the model (right) are shown schematically. For the loading, a harmonic spring
that moves with constant velocity V was connected to the end termini of 7 bundles. The
crystalline units were position-restrained in pulling and in one lateral direction. (B) The
MD simulation system box (left) with front view and top view (middle). The enlarged view
of interaction between the crystalline and amorphous component (right).
A harmonic spring was connected to the termini of the 7 bundles of the amorphous phase,
and moved at constant velocity, while the other termini of the bundles were kept free to
move. By pulling out 7 bundles of the amorphous phase, which were between 2 crystalline
units, one could compute the friction force upon sliding the amorphous phase relative to
the crystalline units. Peak frictional forces for both peptide-peptide and peptide-solvent
friction for different pulling velocities were obtained. Next, the frictional forces of the
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amorphous phase with crystalline units were separated from frictional forces with water.
To this end, the peak forces obtained for the sliding of bundles of the amorphous phase
from FPMD simulations were compared as described above to the peak force required to
pull these bundles with the same pulling velocity through water, as observed in additional
FPMD simulations with all bundles pulled in the same direction without crystalline units.
Figure 3.13 shows the frictional force per residue for dissociating the bundles from crys-
talline units (red), for dragging them through water (green), and their difference, i. e., the
peptide-peptide friction (black). Data was obtained at different pulling velocities, and
averages and standard errors over four independent FPMD simulations are given. Note
that the friction force corresponds to an effective mean force, i. e., it is assumed that force
is on an average equally shared by all residues.
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Figure 3.13: Friction force per residue (F/N) as a function of pulling velocity (V ) for
the friction model. Both peptide-peptide and peptide-water friction contribute to the total
friction.
For low velocities (< 2 m/s), total friction forces and peptide friction forces are of similar
magnitude, i. e., water gives rise to an only minimal resistance on the amorphous phase
sliding. For velocities beyond 2 m/s, peptide-water friction substantially contributes to the
total frictional force. Figure 3.13 shows that the water friction force grows nearly linearly
with applied velocity. A straight line would follow the linear viscous law, Fw/N = γ0 × V
[53], where Fw is the water friction force, N is the number of residues in contact, and V
the applied constant velocity. From the simulations, the per-residue friction coefficient γ0
with water is ∼ 0.8 × 10−12 Ns/m, which is very close to the experimental value of bulk
water of 1 × 10−12 Ns/m [36, 149], and the same as determined previously for a single
amorphous bundle (Section 3.3).
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Viscous friction parameter
The stochastic model described in Section 3.3.2 (Equation (3.3)) is used again to fit the
simulation data set:
γresi = γ0 +
γ0
m
Ψ
(
maFa−c
kBTN
,
mUbond
kBT
)
. (3.5)
Herein, Fa−c/N denotes the frictional force between the crystalline and amorphous phase.
Note that here it is assumed that the friction force Fa−c to be equally distributed on
all residues. As before, the stochastic model is used to fit the simulation data set by
varying the bond cooperativity, the strength of bonds, or the lattice constant. The coeffi-
cient of viscosity η and the viscous friction parameter between the amorphous phase and
crystalline units of spider dragline silk were extracted from these MD simulations.
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Figure 3.14: Comparison of the simulation data set with the solution of the Fokker-Planck
equation. Simulated coefficient of viscosity per residue as a function of shear stress× dx/N .
Red and black lines represent fits of the stochastic model to the simulation data with varying
ma and mUbond/kBT , respectively. The solid red line shows the best fit to the data.
Figure 3.14 shows the coefficient of viscosity per residue η = τ × dx/(V N) from the
solution of the Fokker-Planck equation as a function of τ × dx/N . When fixing the
strength of individual residue bonds to the value mUbond/kBT = 8.4, and treating the
periodicity a as fitting parameter, which controls the lateral position of the scaling function
(red lines in Figure 3.14), a value of ma = 1.32 ± 0.33 was obtained, which covers the
range of the simulation data. Fixing the parameter to ma = 1.32 and varying the strength
of individual residue bonds (red solid and black line in Figure 3.14) yields a strength of
mUbond/kBT = 10.3 ± 1.9.
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Fits with, mUbond/kBT = 8.4 and ma = 1.32 are representing the data best (solid red line).
As before (Section 3.3), a coefficient of viscosity per residue with water of ∼ 0.8× 10−3
Ns/m2 was recovered, which is close to the experimental value [145, 178].
A coefficient of viscosity or viscous friction parameter between the amorphous phase and
crystalline units of spider dragline silk of 2 ± 0.2 × 102 Ns/m2 were obtained.
3.4.3 Friction Continuum Model
FE modeling
For the FE modeling of the friction model, the commercial solver LS-DYNA (version:
ls971s R5.1.1) [2] was used together with the pre- and post-processing tool LS-Pre-Post [5].
A rectangular cube representing the crystal and a rectangular plate of the amorphous
phase were modeled by using 8 node hexahedral (brick8) elements as shown in Figure 3.15.
In the previous sections, the crystalline component [131] as well as the amorphous phase
of Araneus diadematus dragline spider silk were studied. In that study, it is concluded
that the crystal component behaves like an elastoplastic material (Section 3.2), which
was assigned with the ∗MAT 003 material model (suited to model isotropic and kine-
matic hardening plasticity) [2], and the amorphous phase has a rate-dependent behavior
(Section 3.3), which was assigned with the viscoelastic material model ∗MAT 006 [2].
Figure 3.15: Finite element friction modeling. Schematic picture of the finite element
model with boundary conditions (left). Model includes the crystalline unit (blue), the
amorphous phase (yellow), and contact surfaces (right). The master segment was assigned
to the crystalline unit surface (magenta), and the slave segment was the amorphous phase
surface (brown).
The contact between the amorphous phase and crystalline unit was modeled as ∗CONTACT
SURFACE TO SURFACE. This is a two-way treatment of a contact, which means that
both the master and slave surfaces of the contact are checked for penetration during the
simulations. Generally in LS-DYNA modeling, the contact between two bodies is defined
by an interface made up of slave and master sides. In any explicit-integration scheme, it
is imperative that for proper load transfer between the two bodies in contact, the slave
72 Chapter 3: Modeling the Properties of Dragline Silk Constituents
side mesh is finer than the master side mesh. For this simulation, the amorphous phase
is taken as the slave side, while the crystalline unit is defined as the master side. Friction
in LS-DYNA is calculated by a Coulomb friction formulation [2].
The segment-based penalty method for a contact was used in this work. The interface sur-
faces were modeled by two-dimensional (2D) shell elements with null material (∗MAT 009).
It is advantageous to model contact surfaces via shell elements, which are not part of the
structure, but require to define areas of contact between the bodies. The null material
behaves in a fluid-like manner. Therefore, the dynamic viscosity coefficient was assigned
as input parameter, which was obtained from the above MD study. Figure 3.15 shows the
schematic representation of the friction model with boundary conditions. The amorphous
component plate was restrained in an upward direction but kept free in the other two
directions, and load was applied on the cube of the crystalline unit.
Results and discussion of viscous friction
The friction between the crystalline and amorphous blocks was determined by finite el-
ement modeling, using the coefficient of viscosity determined from MD simulations as
described above. The mechanical properties of the elastoplastic crystallite (discussed in
Section 3.2) and the viscoelastic amorphous phase (discussed in Section 3.3) were directly
adopted for these FEM simulations.
To describe the friction in this model, a lubrication film of 2D shell elements of the null
material was included between the amorphous phase and crystalline unit. The lubrication
film was defined with contact surfaces as shown in Figure 3.15 (right). Load was applied
to the crystalline cube and the amorphous phase was fixed at the bottom. The load was
transferred from the cube to the amorphous plate through the viscous lubrication film.
A coefficient of viscosity was assigned to the contact surfaces, as obtained from MD (see
above). Due to viscous layer, the sliding friction between them is rate-dependent.
Figure 3.16 shows stress as a function of relative velocity for the friction model. Here, two
load cases as idealized cases of the complex situation in tensed silk fibers were studied. In
the first loading case, the crystalline cube was pulled horizontally along the amorphous
plate. For fast relative velocities (> 1 m/s), stresses in the crystalline component as well as
in the interface were of high magnitude and increased with increasing relative velocities.
For low relative velocities (< 1 m/s), stresses in both components and in the interface
were not significant (nearly zero) as shown in Figure 3.16A. The viscous lubrication layer
was modeled between the crystal and the amorphous plate, therefore, it is analogous to
the hydrogen bonds between them. As crystal pulled horizontally, it brakes the existing
lubrication layer contacts and forms new contacts. In this pulling case, the crystal pulled
horizontally, therefore, braking and forming contacts were smooth. Thus, no significant
stresses occurred in the amorphous phase.
In the dragline silk fiber, not a single experiment or model is available that explain
the crystal units and the amorphous phase arrangement as well as during the loading,
how they transfer the forces on each others. Thus, for the theoretical understanding
inclined loading was applied. Therefore, in the second loading case, the crystalline cube
was pulled along a direction making a 10 degree angle with the horizontal amorphous
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Figure 3.16: Stresses computed in the components as well as the interface segments as a
function of their relative velocity. (A) The crystalline cube was pulled horizontally along
the amorphous rectangular plate of 0.5 nm thickness. (B) The crystalline cube was pulled
with a 10 degree angle with respect to the horizontal plane along the amorphous component
with 2.85 nm thickness.
plate. Due to this inclined loading, the cube exerted more pressure on the viscous layer
as compared to the horizontal pulling. Ultimately, the amorphous plate was further
deformed. The interface stresses and both component stresses increased significantly
with increasing relative pulling velocities. The interface stresses are higher because of less
area in contact.
Figure 3.17 shows the deformation configurations and stress distributions in the crystal
and the amorphous phase. The computed deformation was plotted for 5.0 m/s relative
velocity. In the horizontal pulling of the crystal along the amorphous rectangular plate
of 0.5 nm thickness, there are no significant stresses computed in the amorphous phase
(Figure 3.17A). However, the crystal component has a nearly uniform stress distribution
at the bottom. In the second loading case of a 10 degree inclination with the horizontal
amorphous plate of 2.85 nm thickness, the crystal shows high stresses on the edge area
(Figure 3.17B). Also, the amorphous phase component shows significant stress concentra-
tions, especially in the contact area of the crystal.
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Figure 3.17: Computed deformations and stress distributions in the friction model. The
crystalline cube was pulled (A) horizontally and (B) with a 10 degree angle with respect to
the horizontal plane along the amorphous component.
The FEM simulations predict that in the situation of perfect relative horizontal motion,
there is no significant resistance against sliding at low to medium velocities. However,
slightly inclined loading may cause a lot of resistance to the sliding relative to each
other, and resistance increased with increasing relative velocities. On the one hand, in
the dragline silk fiber, if the crystal units are pulled horizontally with respect to the
amorphous phase, then crystal units could relocate easily with small load. On the other
hand, in the inclined loading of crystal units with respect to the amorphous phase in the
fiber, for the rearrangement of crystal units one needs high load to overcome the larger
sliding resistance.
3.4.4 Recap
Here, the viscous friction between the amorphous phase and the crystalline unit of Araneus
diadematus silk was quantified using MD simulations. The coefficient of viscosity of the
friction between them is in the order of 102 Ns/m2. The proposed finite element model
enables to predict frictional behavior between these two components for the experimental
range of relative pulling velocities. It is concluded that a perfectly relative horizontal
motion has no significant resistance against sliding, however, a slightly inclined loading
may cause a high resistance to sliding.
The presented analysis paves the way towards a finite element model of silk fibers in which
crystalline units can slide, move and rearrange themselves in the fiber during loading, in
order to assess the determinants of its outstanding toughness.
Chapter 4:
3D Fiber Model for Silk Mechanics
In Chapter 2, the theoretical background of Molecular Dynamics simulations and the
Finite Element Method have been introduced. Chapter 3 shows results from modeling
and numerical analysis of the crystalline and amorphous phases of spider dragline silk
as well as the friction between them. On this basis, one is able to build a full three-
dimensional (3D) fiber model of dragline silk and numerically treat it using finite element
analysis. In this chapter, first illustrate how the 3D silk fiber model is built, where the
contact properties are defined, for which the material model and type of contact were
obtained from the Molecular Dynamics results. Next, the stress-strain curves of the 3D
fiber model are discussed. In particular, the dependence of the stress-strain behavior
on the distribution of the crystallites along the fiber and the plastic strain during load
are determined. The visco-elastoplastic behavior of the 3D fiber model leads to time-
dependent phenomena such as an influence of the mechanical properties and hysteresis
on the loading velocity. Finally, the variation of the mechanical properties with respect
to the silk fiber crystallinity is examined.
4.1 Introduction
Spider silks feature a hierarchical architecture where the nanocrystals are arranged within
the amorphous phase. The structure–property relationship of silk is a still mystery for
researcher. Various studies have suggested models to interpret the relationships between
the structures and the mechanical properties of silks [14, 24, 156, 174].
A popular model for silk is the Termonia’s network model [156], which relied on molecular
modeling of the crystalline and amorphous phases. This model considers a regular lattice
of nodes connected by end-to-end vectors of chain strands with a linear stress-strain rela-
tionship. Beyond the Termonia’s model, several other approaches have been proposed in
the literature to explain the mechanical properties of dragline silk. For example, hierar-
chical chain models, those consider spider silk as composed of many bricks organized in a
hierarchy that at its lowest level has crystalline units [14, 174]. All these computational
models are important for describing the material behavior at the different scales of spider
silk. However, not a single approach is available that could bridge effectively atomistic
level MD simulations for each constituent and macroscopic level FEM simulations of the
full silk fiber model with visco-elastoplastic material behavior. Also, it is largely unknown
how the rearrangement of the crystalline units and the amorphous phase in the silk fiber
under tensile loading affects the stress–strain curve. Thus, in this thesis, a simple 3D
fiber model to describe the mechanical behavior of Araneus diadematus dragline silk is
proposed. More specifically, this model is based on the secondary structure of spider
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dragline silk relying on two basic components (the crystalline and the amorphous phase)
and the viscous friction between them as they slide relative to each other.
The proposed 3D fiber model allowed us to study the influence of pulling velocity on the
mechanical properties of silk fibers, which are previously described with experiments. In
addition, mechanical hysteresis is investigated, where the stress–strain curve does not fol-
low the same path upon loading and unloading. In this chapter, the behavior of dragline
silk during loading, specially crystalline units distribution is analyzed and discussed. Fi-
nally, the mechanical properties obtained from the fiber model are compared with exper-
imental values. The proposed fiber model can be a useful tool for the design of artificial
silk fibers.
4.2 Mesh Convergence Study
FEM is a computational technique used to obtain approximate solutions of boundary-
value problems. Given the rapid development of computer software and hardware, it is
becoming feasible to build and calculate even increasingly complicated structures like silk
on standard computers within hours or days. The principles of FEM are described in
Section 2.2. The basic steps in using a commercial software to perform finite element
analysis are pre-processing, solution and post-processing1.
When applying the FEM, the mesh plays a crucial role in the numerical simulation. In
general, coarse meshing allows a faster computation, however, on the expense of accu-
racy, so that stress concentrations, singularities, or warping are not properly treated. It is
recommended to avoid coarse meshing near changes in geometry (corners, sharply curved
edges), displacement constraints (vicinity of concentrated point-loads, concentrated reac-
tions), or abrupt changes in thickness, material properties or cross sectional areas. Fine
meshing will be most accurate at the cost of the computation time. Disproportionate
stress level changes from node to node or plate to plate and large adjacent node displace-
ment differences point towards a need to refine the mesh.
Thus, a common question is the resolution of the finite element mesh that provides rea-
sonably accurate results. It is very important to check the mesh independence of the
numerical simulation. The refinement of the spatial discretization in the FEM can be
accomplished in two ways: first by dividing elements into smaller ones (h-refinements)
and by increasing their polynomial degree (p-refinements). In the present work, the con-
vergence of results was assessed by h-refinement. To study mesh independence, 3D linear
hexahedral (brick8) and tetrahedral (tetra4) element types, as well as different element
sizes were considered.
This study results indicate the following optimal choices for the 3D fiber model:
• Element type: Comparing the mechanical response of the elements, the tetra4 el-
1Pre-processing: create the geometry, discretize, assign material properties, apply boundary condi-
tions, i. e., build the finite element model. Solution: solve a set of linear or nonlinear algebraic equations
simultaneously. Post-processing: obtain important information, e. g., stress, strain, displacement contour
plots.
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Figure 4.1: Mesh convergence: stress as a function of number of degrees of freedom for
tetrahedral (tetra4) and hexahedral (brick8) element models.
ements used in LS-DYNA appeared to be stiffer than the brick8 elements. These
differences are small at very small mesh size. However, the hexahedral elements
are costlier than the tetrahedral elements, because their nodes exhibit greater con-
nectivity, leading to denser matrices (computational cost of brick8 element model
is about 1.5 times higher than tetra4 element model in the case of the LS-DYNA
viscoelastic material ∗MAT 006).
• Mesh size: Ideally for very fine meshes tetra4 and brick8 elements show the same
result independent of computing costs. As the mesh size decreases, the stress values
for the tetra4 discretization decrease significantly compared to the brick8 elements.
Thus, the obtained results (Figure 4.1) suggested that linear hexahedral elements are
the elements of choice over tetrahedral elements. The tetrahedral element should be used
only if there is no viable alternative2. The main problem with tetrahedral elements is that
they can produce wrong stress results even if the displacement solution looks reasonable.
Therefore, linear hexahedral elements are used to build the fiber finite element model,
even though they are difficult to generate due to the random distribution of crystals in
the amorphous phase.
4.3 Setup of 3D Silk Fiber Model
Atomic force microscopy and X-ray diffraction studies have shown that the mechanical
properties of the dragline silk are due to the secondary structure of the amino acid motifs
2Unfortunately, many existing space-filling automatic 3D mesh generators produce tetrahedral meshes.
There are generators that try to produce bricks, but these often fail in geometrically complicated regions.
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in the repetitive part of the proteins [44, 64, 74]. However, direct links between the com-
position and mechanical difference are not yet distinctly established. In the hierarchical
structures of silk fibers, the secondary structure of silks found to be a semi-crystalline
structure consisting of stiff β-sheet crystals are surrounded by an amorphous glycine-rich
domain (discussed in Section 3.1). The amorphous region confers extensibility to the silk
fiber, while the crystals give the strength [126, 148]. Here, a 3D fiber model is proposed,
which is based on the secondary structure of the dragline silk fiber (see Figure 4.2). In this
model, the stiff β-sheet crystals were considered as solid blocks, and remaining matrix was
the amorphous phase. The geometrical dimensions as well as mechanical properties of the
crystal blocks were obtained from the all atom simulations [131]. In the previous Chap-
ter 3, the crystalline component as well as the amorphous phase of Araneus diadematus
dragline spider silk were studied. It is concluded that the crystalline component behaves
like an elastoplastic material, which undergoes non-reversible changes of shape in response
to applied forces. The amorphous phase is softer and features a rate-dependent behavior,
i. e., represents a viscoelastic material. As described in this chapter, the two components
in a 3D fiber model were combined, which finally describes a visco-elastoplastic material
behavior.
C
A L
section L-L L
Figure 4.2: 3D fiber model of dragline silk fiber: (A) Crystal solid blocks placed randomly
in the amorphous component shown as section view L-L (left), front view (middle) and
isometric view (right); (B) Amorphous component in cylinder shape shown as section view
M-M (left) and front view (right); (C) Surfaces of the amorphous phase (green) in contact
with surfaces of crystals (blue); (D) Full 3D fiber model shown in the section view N-N (left)
and isometric view with boundary conditions (fixed at one end and pulled at another end)
on the right.
In the finite element modeling of the 3D fiber model, the commercial solver LS-DYNA (ver-
sion: ls971s R5.1.1) [2] has been used together with the pre- and post-processing tool
LS-Pre-Post [5]. In the previous chapter, it is concluded that the crystal component
to undergo rupture, i. e., non-reversible changes of shape in response to applied forces.
Therefore, the LS-DYNA material model ∗MAT PLASTIC KINEMATIC (∗MAT 003)3
3∗MAT 003 is the basic elastoplastic material model. The user defines the yield stress, elastic modulus
and hardening modulus. It is a simple model, which is easy to handle and only requires low computational
costs.
4.3 Setup of 3D Silk Fiber Model 79
was used, which is suited to model isotropic and kinematic hardening plasticity. These
simulations did not consider strain-hardening effects and the stress-strain curve follows
a bilinear relationship that has a zero slope after yield. For the finite element modeling
geometrical parameters of the crystalline unit of silk were directly taken from all atom
simulations, namely a cube of size 2.05× 1.91 × 2.69 nm3. These crystal cubes were ran-
domly placed in the fiber model (Figure 4.2A). The mechanical properties such as elastic
modulus or yield stress were taken from all atom simulations (discussed in Section 3.2).
The material parameters for the crystal component were a density of ρ = 1200 kg/m3,
an elastic modulus of E = 71 GPa, a Poisson’s ratio of ν = 0.3 and a yield stress of 3.95
GPa.
The second important component of the 3D fiber model is the amorphous phase, which fills
the remaining space of the model (Figure 4.2B). A viscoelastic material model, ∗MAT
VISCOELASTIC (∗MAT 006) was used as the constitutive model for the amorphous
phase, which is based on the power law viscoelastic model [2]. Hereby, the time-dependent
shear modulus, G(t), is given by
G(t) = G∞ + (G0 −G∞)exp(−αt), (4.1)
which is a function of the long term shear modulus G∞, the short term shear modulus G0,
and the decay constant α. The short term shear modulus, G0 = 1.66 GPa, is dominant
near t = 0, while near t = ∞ the long term shear modulus, G∞ is dominant. The decay
constant α determines the rate at which the long term modulus dominates the material
response. Here, the decay constant is α = G0/η, where η is the coefficient of viscosity.
The coefficient of viscosity of the amorphous phase, η = 1× 104 Ns/m2, was obtained
from the viscous friction theory (discussed in Section 3.3).
The modeling of dragline silk fiber, although interesting from a biological point of view
in describing crystalline, the amorphous phase, and their connections, is performed from
an engineering perspective, which is considered crucial for the design of new bio-inspired
materials. In the silk fiber model, crystalline units were connected to the amorphous
phase along the fiber axis direction. In the direction perpendicular to the fiber axis, there
was no connection between the crystalline units and the amorphous phase. Therefore, in
perpendicular direction forces were transferred from crystals to the amorphous phase and
vice versa by viscous friction between them (discussed in Section 3.4).
To describe friction in the model, additional contact surfaces were introduced and modeled
those surfaces with the ∗CONTACT SURFACE TO SURFACE contact definition (Fig-
ure 4.2C). This is a two-way treatment of a contact, which means that both the master
and slave surfaces of the contact are checked for penetration during the simulation. Gen-
erally, in LS-DYNA, the contact between two bodies is defined by an interface set made
up of slave and master sides. For this simulation, the amorphous phase is taken as the
slave side, while the crystalline unit is defined as the master side. Friction in LS-DYNA
is calculated by a Coulomb friction formulation.
The mesh refinement was obtained by h-refinement. 3D linear hexahedral (brick8) ele-
ments were used to model the crystalline units as well as the amorphous phase (for details
see Section 4.2), while the contact surfaces were modeled with two-dimensional (2D) shell
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elements4. These shell elements were assigned with MAT Type 9, Null Material. This
material model was used to model the viscous friction between the crystalline and the
amorphous phases, however, there was no stiffness connection between them. Previously,
size (diameter and length) independency for the cylindrical finite element model of the spi-
der dragline silk fiber was studied. Models with random arrangement of crystallites were
considered, and their length varied between 20 and 125 nm and their diameter between 10
and 40 nm. The mechanical response was dependent on the model size. However, beyond
a length of 40 nm and a diameter of 14 nm, changes in the mechanical properties were not
significant. Therefore, the model of 40 nm length and 14 nm diameter represents an Effec-
tive Properties Volume Element (EPVE). All simulations were performed on the EPVE
size silk fiber model. The silk fiber model was built with randomly arranged crystalline
units in the amorphous matrix with 25 % crystalline volume. To avoid a dependency of
the results on this arrangement, four different fiber models were considered, in which the
random positions of crystallites were varied.
Also, the results of the random distribution of crystallites in the fiber were compared
with other extreme arrangements, namely a serial (lamellar-like) and parallel (longitu-
dinal) distribution of the crystals (Figure 4.4). In the serial arrangement, crystalline
and amorphous phases are modeled in an alternating fashion, like slices. In the parallel
arrangement, the crystalline component forms a solid cylinder at the center, and is em-
bedded in to a hollow cylinder of the amorphous phase. Additionally, crystallinity in all
these cases was varied, i. e., the volume percentage of the crystalline component in the
silk fiber.
The programming language R [155] was used for reading, visualizing, and analyzing the
FEM simulation data for the crystalline component’s elements distribution in the silk
fiber (Section 4.6).
Figure 4.2D shows the schematic representation of the 3D fiber model with boundary
conditions. The boundary conditions were defined as to mimic the conditions of experi-
mental tensile tests. One end of the 3D fiber model was restrained in all three directions
and a constant velocity load applied to the other end. To quantify hysteresis, the model
was loaded before it breaks, and then unloaded to zero stress.
4.4 Stress-strain Behavior of the Fiber Model
A tensile test provides fundamental insight into the elasticity, strength or toughness of
a material. The exact profile of the stress-strain curve is a macroscopic property, but is
determined by structural changes at the molecular scale that permit or resist deformation.
In an experimental tensile test, a sample is placed between two grips. One side of the
sample is clamped in a load cell and the other is fixed. The sample is pulled by the
cross-head, driven by the lead screws on either side. The load cell measures a voltage
that corresponds to a mass. An extensometer is placed on the sample across the two
ends near the grips, measuring the displacement. The raw data acquired is load against
4Quadrilateral elements are preferred for the finite element modeling of contact surfaces. Linear
quadrilateral elements are more accurate than linear triangular elements.
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displacement. From here, stress and strain data is generated.
Here, computational tensile tests were carried out on the 3D fiber model, and results will
be presented for the random arrangement first. The model was fixed at one end and pulled
at another end (Figure 4.2D) with a pulling velocity of 0.4 m/s. Figure 4.3 shows the
stress-strain curve of the Araneus diadematus dragline silk fiber model. To avoid model
dependency, four different fiber models with random arrangements were considered, and
stress-strain curves were jointly analyzed (gray in Figure 4.3). The stress-strain curve is
obtained by stretching a fiber, and measuring the stress σ required to extend the fiber
model. The stress was gradually increased in steps, and the strain ε was monitored.
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Figure 4.3: Stress-strain curve for dragline silk from the spider Araneus diadematus for a
pulling velocity of 0.4 m/s. The gray shaded area indicates the variation and the black line
is the average from stress-strain curves of different 3D fiber models differing in their random
3D arrangement of crystallites.
The stress σ is the resistance force per unit cross-sectional area of the silk fiber and has
dimension of N/m2 or Pa. The strain ε is the ratio of the change in silk fiber length
and its initial length and is a dimensionless property. The initial modulus (Einit), which
can be obtained from the initial slope of the stress-strain curve (the elastic limit), is a
measure of the stiffness of the silk fiber. Stress-strain curves often display sudden slope
changes, indicative of major structural transitions in the material, also referred to as yield
points (Figure 4.3). The corresponding stress and strain are known as yield strength and
yield strain of the material, respectively. When loading was carried out beyond the yield
point, the material became irreversibly (permanent) deformed. Post-yield stiffness (Epost)
is defined as the slope of the stress-strain curve after the yield point. The post yield
portion of the stress-strain curve has less resistance to deformation compared to the initial
linear region. Hence, the post-yield stiffness of the stress-strain curve is smaller than the
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initial stiffness. The maximum values of stress and strain at the point where the silk fiber
fails (breaking point), which gives the strength σmax and extensibility εmax, respectively.
The area under the stress-strain curve up to the point of breakage is a measure of the
material’s toughness [52] and corresponds to the energy absorbed by the fiber before it
fails.
4.4.1 Stress-strain Curves for Varying Crystallite Arrangements
While the approximate sizes of crystallites in the silk fiber have been determined [171],
their exact arrangement along the fiber remains largely unknown, and a common as-
sumption is a random arrangement. To explore the impact of order within the fiber on
its mechanics, for comparison, two extreme arrangements are considered, i. e., a serial
and parallel arrangement, all with the same 25 % crystallinity. On the one hand in the
serial arrangement, the crystalline and amorphous phases are arranged in an alternating
fashion, such that the softer amorphous phase is expected to dominate the mechanics.
On the other hand in the parallel arrangement, the mechanical properties are likely domi-
nated by the crystalline component. A fiber model of random arrangement is expected to
show mechanical properties, which are inbetween these two extreme arrangements. Fig-
ure 4.4 shows stress-strain curves for the parallel, random and serial arrangement of the
crystalline units in the fiber silk model including schemes of the three models.
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Figure 4.4: Stress-strain curves for a random arrangement (blue, variations in gray) of
3D fiber model of Araneus diadematus dragline silk compared to those for a parallel (red),
and serial distribution (green) of the crystalline units. The parallel and serial distributions
obey simple two-phase isotropic models, namely, the Voigt composite model for the parallel
distribution and the Reuss composite model for the serial distribution.
The crystalline component indeed reinforces the silk fiber all along the fiber axis in the
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parallel arrangement, which resulted in the highest stiffness and strength, but lowest ex-
tensibility. A serial arrangement resulted in the lowest stiffness and strength, but highest
extensibility. As expected, the stress-strain curves obtained for the random arrangement
fall inbetween the two extreme arrangements (Figure 4.4). Also, all mechanical properties
of the random arrangement are inbetween the parallel and serial arrangement, namely the
initial elastic modulus, the yield stress, the rupture strain, and the rupture strength.
4.4.2 Fiber Mechanics for Varying Crystallinity
How does the distribution of the stiff β-sheet (crystalline) units (as assessed in Sec-
tion 4.4.1) as well as the percentage of crystallites in the silk fiber influence its mechanical
properties ? From the literature, the influence of crystal distribution and amount is not
yet fully understood. Experiments specifically changing the distribution and amount of
crystalline units are unfeasible. Therefore, the silk fiber models were built systemati-
cally with crystal units embedded into the amorphous matrix, again parametrized from
all-atom simulations as before. As in Section 4.4.1, three possible distributions of the
crystalline units in the silk fiber were considered [24]: 1. a serial (lamellar-like) arrange-
ment of the crystal and the amorphous, 2. a parallel (longitudinal) arrangement, and 3. a
random arrangement between these two extremes (crystalline units are placed randomly
in the amorphous matrix).
The effect of the distribution and amount of crystalline units on the mechanical proper-
ties is investigated, specifically on stress σmax and strain εmax at breaking, initial modulus
Einit (Figure 4.5), and toughness (Figure 4.6). An increase in crystallinity leads to an
almost linear increase in breaking stress for all cases. As crystallinity increased till 40 %,
breaking stress increased to 1.4 GPa for the parallel and to 0.7 GPa for the serial as-
sembly with the random arrangement case lying inbetween (1.0 GPa). In case of higher
crystallinity (>40 %), there is no significant difference in the breaking stress for all the
arrangements, as in this regime the fiber mechanics is dominated by the mechanical char-
acteristics of the crystalline phase. Crystallinity more dramatically effects the breaking
strain of the random and serial arrangement of the silk fiber than the breaking strain of
the parallel arrangement. While randomly adding crystals let the breaking strain drop
already at low crystallinity, the impact of serially arranged crystals sets in at only high
crystallinity (Figure 4.5A-C). Figure 4.5D shows the variation of the initial stiffness or
pre-yield stiffness Einit with silk fiber crystallinity for parallel, random and serial arrange-
ment. On the one hand, a serial assembly resulted into the lowest silk fiber initial stiffness
as dominated by the mechanical characteristics of the amorphous unit. On the other hand,
a parallel assembly, being reinforced by the crystalline units throughout the silk fiber axis,
resulted into the highest values of silk fiber initial stiffness. As expected, again the initial
stiffness value of a random arrangement silk fiber model is intermediate.
Thus, it is evident that the mechanical properties of a serial arrangement are dominated
by the mechanical characteristics of the amorphous phase, whereas a parallel arrange-
ment is dominated by the mechanical characteristics of the crystalline units. A random
arrangement of silk fiber model yields intermediate mechanical properties.
The toughness is defined as the area under the stress-strain curve up to the point of
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Figure 4.5: Variation of the mechanical properties with fiber crystallinity. Results for three
different crystalline distributions are shown as indicated by the schematics. Variation of the
rupture stress and rupture strain with respect to the fiber crystallinity for 3D fiber model
with (A) a parallel arrangement, (B) with a random distribution, and (C) with a serial
arrangement of crystals in the amorphous phase. (D) Variation of the initial stiffness Einit
with respect to the silk fiber crystallinity. Results for the parallel (black), random (red),
and serial (green) distribution of crystalline units are shown.
breakage of the silk fiber. Therefore, it is not only dependent on the stress σmax and
strain εmax at breaking, but also on the initial modulus Einit and the post-yield stiffness
Epost. Figure 4.6 shows the variation of the toughness of the three distinct arrangements
with respect to the silk fiber crystallinity. The parallel arrangement of the crystalline
units and the amorphous phase resulted in the lowest toughness, while the random ar-
rangement yielded slightly higher values. In sharp contrast, the serial arrangement largely
outperformed the other two alternatives in terms of toughness. The highest toughness of
the silk fiber model is reached at 25 % crystallinity for the random arrangement, which
overlaps with the spider silk’s natural crystallinity level of 10-25 % of the fiber volume
in spider silk [64, 103]. The fiber model simulations suggest toughness values of 101-135
MJ/m3, a range well within the experimental data of 120-225 MJ/m3 [64, 101, 153].
Here, it is concluded that the serial distribution of crystalline units (providing strength)
and the amorphous phase (providing extensibility) confers maximal toughness. 25 % crys-
tallinity provides the highest toughness for the random arrangement, which is in the range
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Figure 4.6: Variation of the toughness with respect to the crystallinity. Results for the
serial (blue with triangles), random (green with squares), and parallel (black with circles)
distribution of the crystalline units are shown as indicated by the schematics.
of experimental results.
4.4.3 Velocity Dependence of Silk Fiber Mechanics
Assessing the mechanical properties of spider dragline silk has proven cumbersome, since
a lot of factors critically influence fiber performance [110, 111], such as pulling velocity,
temperature, humidity, fiber defects, etc. Here, the effect of the pulling velocity on the
mechanical properties of dragline silk was studied. Here, pulling velocities were considered
in the same range as those of previous experiments [60, 110]. Four different random
arrangements of crystals in the 3D fiber model and six different pulling speeds: 0.004, 0.01,
0.05, 0.1, 0.2, 0.4 m/s were considered in FEM simulations. Figures 4.7 and 4.8 show the
mechanical properties for dragline silk from the spider Araneus diadematus at different
pulling velocities. The pulling velocity has very different effects on the six mechanical
properties investigated here (yield stress, yield strain, breaking stress, breaking strain,
post-stiffness modulus and breaking energy), with some being affected more strongly
than others. The yield point (yield stress and strain) was not affected by the pulling
velocity for loading slower than 0.05 m/s, but it increased in the range of 0.05 to 0.4
m/s (Figure 4.7A).
The breaking stress increased significantly from 0.12 GPa to 0.65 GPa with increasing
pulling velocities (Figure 4.7B). However, the breaking strain decreased from 50 % to 35 %
with increasing pulling velocities, although this effect was small compared to the breaking
stress. This interaction between the breaking strain and breaking stress determines the
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Figure 4.7: Effect of pulling velocity on the mechanical properties of dragline silk fiber.
Shown here are the variation of stress and strain at yield (A), and stress and strain at
breaking (B) with respect to velocity. See Section 4.4 for parameter definitions. Each data
point represents the average and standard error from four models differing in the random
arrangement of crystals.
magnitude of the energy required to break a thread. The breaking strain showed only
a small velocity effect, therefore it was the breaking stress that determined the breaking
energy (Figure 4.8B). The post-stiffness modulus increased significantly with increasing
pulling velocities, whereas the fiber diameter increased with decreasing speeds at pulling
velocity below 0.1 m/s, and stayed constant at velocities above this value (Figure 4.8A).
As load increase on the silk fiber model, the amorphous chains become extended and
aligned in the direction of the fiber axis, together with aligned crystalline units. The
influence of pulling velocity on the mechanical properties is mainly due to the time given
to the polypeptide chains of the amorphous phase for aligning along the loading direction.
The alignment, or viscous relaxation, within the amorphous matrix and at the amorphous-
crystalline interface, occurs all along the fiber. The relaxation time scale was encoded as
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Figure 4.8: The variation of the mechanical properties, post-stiffness modulus and fiber
diameter (A), and breaking energy (B) of dragline silk fiber due to the effect of pulling
velocity.
the coefficient of viscosity in these FEM simulations, which lack any details of polypeptide
chain arrangement and coiling. At low pulling velocities, the amorphous chains have
enough time for relaxation. Therefore, the alignment of the amorphous chains along
the fiber axis leads to a large elongation, or strain along with a strong decrease in fiber
diameter. In case of high pulling velocities, there is not enough time for an alignment of
amorphous chains along the fiber axis, which limits the deformation. Thus, the breaking
strain drops and breaking stress increases with increasing pulling velocity. This directly
results in a higher toughness at faster pulling.
The obtained results of the influence of pulling velocity on the parameters like yielding
point, breaking stress, breaking strain, and fiber diameter are in good agreement with
experimental studies carried by Vollrath et al. [165]. Other parameters such as the post-
yield stiffness and toughness are in agreement with Du et al. [44].
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4.4.4 Plastic Strain
It is interesting to examine, when crystalline units start to deform plastically underload.
Also, how does the crystalline unit’s plasticity affect the post-yield regime of the stress-
strain curve and the toughness of the fiber ? Before going into the details, brief definitions
of the most important terminology are as follows. Elastic strain is any strain that takes
place before exceeding the yield stress. However, it is important to note that, for hardening
materials, elastic strain is increasing during post-yield also. Hence, strain that is removed
during unloading is a better definition of elastic strain. Plastic strain is permanent strain
that remains after unloading. Total strain is the sum of elastic strain and plastic strain.
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Figure 4.9: Irreversible deformation of the crystalline component as a function of total
strain of the fiber for pulling velocities of 0.4 m/s (solid line) and 0.05 m/s (dashed line)
with error bar (gray). Purely elastic (reversible) deformation occurs in the initial region of
total strain, where plastic strain is zero.
Figure 4.9 shows how the plastic strain in the fiber varies with total strain. The crys-
talline component is defined as an elastoplastic material. Therefore, the plastic strain or
irreversible deformation occurs by definition in the crystalline units in the 3D fiber model.
Plastic strain initially remains zero during loading, meaning that total strain is equal to
elastic strain. As the total strain increases, the plastic strain comes into the picture. For
fast pulling at 0.4 m/s, plastic deformation starts at approximately 0.02 total strain, while
for slow pulling at 0.05 m/s, it sets in earlier (at 0.01 total strain of the fiber). Upon fast
pulling plastic deformation increases more sharply than for slow pulling.
As discussed in Section 4.4.3, the yield point (stress and strain at yield) increases with
increasing pulling velocity from 0.05 to 0.4 m/s (Figure 4.7A). These yield points coincide
with the onset of plastic strain, showing that the linear regime indeed does not involve any
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plastic deformation, and yielding is caused by plasticity. For fast velocities, the crystalline
units start deforming plastically with high slope, hence, provide high stiffness, which limits
the extensibility of the fiber. However, in case of slow pulling, plastic deformation occurs
at smaller slope, hence, it is less stiff. In this case, the viscous amorphous phase is given
time to relax, resulting in a higher extensibility, and transfer strain to crystals more
readily, i. e., at smaller total strain, but at lower magnitude (smaller slope in Figure 4.9).
4.5 Hysteresis
Both viscoelasticity and irreversible deformation account for hysteresis, i. e., history-
dependent deformation. Mechanical hysteresis is at play when the stress-strain curve
does not follow the same path upon loading and unloading. The area of the surface en-
closed within the hysteresis loop equals the amount of energy dissipated in the material
upon one loading-unloading cycle. The visco-elastoplastic behavior of the 3D fiber model
leads to the time-dependent phenomenon of hysteresis. To assess hysteresis of the silk
fiber model, the fiber was loaded up to a stress smaller than the rupture stress and then
unloaded it again.
Figure 4.10A shows typical hysteresis curves of individual loading-unloading cycles with
0.4 m/s pulling velocity of dragline silk fiber5. Five individual hysteresis curves are shown
by elongating the silk fiber from 8 % to 30 % of the original length and then unloading
it. Figure 4.10B shows load cycle 4 with an elongation up to 21 % of the original length
followed by unloading. Hysteresis is the ratio of dissipated energy to absorbed energy.
The energy loss due to the deformation of the silk fiber is 72± 2 % for all examples.
These hysteresis values are in close agreement with previous values from loading-unloading
experiments of 67.6± 2.6 % [40, 64, 161].
The high levels of hysteresis observed for dragline silks is thought to arise from internal
molecular friction [41, 64]. When dragline silk deforms, especially after the yield point,
polypeptide chains slide and reorient relative to each other as bonds between them break.
After deformation into a new stable conformation, the polypeptide chains relax and form
new bonds. Therefore, upon unloading this new conformation results in a permanent
deformation and prevents full recovery at relaxation. One should note that also here, this
microscopic interpretation cannot be inferred from finite element calculations, because
theses effects are only implicitly incorporated through viscosity and plasticity.
4.6 Ordering of Crystallites under Strain
Interestingly, even though simulations start from a fully random arrangement, partial
ordering of crystals was observed under load. Figure 4.11 shows the quantitative analysis
5The way energy is absorbed by the spider silks when a flying insect is caught in the web is an
important consideration. The kinetic energy could either be dissipated as heat through friction or it
could be stored through elastic deformation. From this study 72 % of the kinetic energy is dissipated as
heat, and is therefore not available to throw the pray out of the web through elastic recoil.
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Figure 4.10: Hysteresis curves for an Araneus diadematus dragline silk fiber. (A) Hystere-
sis curves of individual loading-unloading cycles (fiber model loaded to different strains and
unloaded) with 0.4 m/s pulling velocity. (B) Loading-unloading cycle 4 to an elongation
of 21 % of the original length. The area between loading and unloading (yellow) represents
the energy dissipated in the silk fiber, while the energy elastically stored is represented by
the area beneath the unloading curve (shaded area). Hysteresis is defined as the ratio of
energy dissipated (yellow) to the energy absorbed (yellow and dashed). The latter equals
toughness.
of the crystalline unit distribution in the silk fiber model for a pulling velocity of 0.4 m/s.
The fiber model was divided uniformly into slabs of a length of 1.5 nm along the fiber axis.
Every slab is represented by one color according to the percentage of crystalline elements
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relative to the average crystallinity at a given loading. These deviations in crystallinity
as a function of length along the fiber axis for different strains are shown in Figure 4.11
(left). At no load (ε = 0), crystalline units are distributed uniformly along the fiber axis,
as indicated by the absent of dark red or dark green regions. As load on the silk fiber
model increases, first the amorphous phase starts deforming. Due to this deformation, at
several sections of the fiber, the stiff crystals rearrange accordingly.
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Figure 4.11: Distribution of crystalline units in the silk fiber model at 0.4 m/s pulling
velocity (left). Coloring indicates the accumulation of crystalline elements (dark red indi-
cates richness and dark green indicates deficiency of elements) in cross-sectional slabs of
the fiber model, more precisely the deviation in crystallinity from the average calculated
at different strains. For the initial distribution of crystalline units (no load, i. e., ε = 0),
crystallinity is almost homogeneous (the continuous black line only marginally deviates from
the dashed line). At failure strain, ε = 0.34, the crystallinity shows the highest variation.
Root-mean-square deviation (RMSD) of the crystallinity in the fiber (black) as compared to
the theoretical homogeneous crystallinity distribution (blue) as a function of strain (right).
Snapshots of the crystal distribution at ε = 0 and ε = 0.34 are shown and marked by arrows.
Thus, a tendency of a stiff phase embedded into a softer phase was observed, as the mixture
starts deforming, to aggregate at several sections thereby resisting deformation [146].
Therefore, the deformation resulted into crystalline rich portions in different sections. At
failure (ε = 0.34), the alternating dark green and dark red bands are very obvious, and
the failure occurs close to the middle of the fiber at a crystallinity of 43 % less than the
average crystallinity.
Figure 4.11 (right) shows the root-mean-square deviation (RMSD) of the crystallinity
along the fiber model as a function of strain in comparison with a theoretical fully homo-
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geneous crystallinity distribution. The RMSD is the measure of the differences between
values of average crystallinity and the crystallinity values actually obtained in the differ-
ent sections from the simulations. The theoretical homogeneous crystallinity distribution
was obtained using a random number generator to generate fibers of initial length (ε =
0) which then were extended to the failure length (ε = 0.34) but keeping the random
distribution. Therefore, in this ideal case, the distribution of crystals is homogeneous
throughout the deformation process. The crystallinity distribution curve clearly shows
the variation from the average crystallinity, and as loading increases, the crystallinity
variation increased dramatically. The snapshot at ε = 0.34 in the RMSD plot shows
crystalline units organized in slabs and forming a serial like arrangement.
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Figure 4.12: Heterogeneity of crystallinity in the silk fiber model at 0.4 m/s pulling
velocity (continuous line with triangles), 0.05 m/s velocity (dashed line with squares) in
comparison to a theoretical homogeneous crystallinity distribution (dotted line with circles)
as a function of strain.
Also, the effect of ordering under load at different loading rates was assessed. Figure 4.12
shows the RMSD of crystallinity for pulling velocities 0.4 and 0.05 m/s. The RMSD curve
at 0.4 m/s is overall higher than that obtained at 0.05 m/s. Only in the initial portion
of the loading, both pulling velocities show nearly the same variation. After ε = 0.08,
as strain increases, the faster loading results in higher RMSD values. Therefore, as the
pulling velocity increases, the RMSD values of the crystallinity distribution increases, i. e.,
for high velocities, the tendency of crystals to accumulate increases. Faster pulling also
results in higher toughness, again suggesting crystal order in silk to contribute to tough-
ness (compare Section 4.4.2). The quantitative analysis of the crystalline unit distribution
in the silk fiber model for a 0.05 m/s pulling velocity is described in Appendix.
In conclusion, when crystalline unit elements are uniformly distributed in the fiber model,
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they start to accumulate as load progresses, and finally a serial like arrangement is formed
to some extend.
4.7 Structural Basis of the Stress-strain Behavior
A stress-strain curve of a dragline silk fiber for a pulling velocity of 0.05 m/s is shown in
Figure 4.13A. On the basis of simulation results and previous experiments, the structural
changes on the microscale involved in fiber stretching are envisioned as follows. The
stress-strain curve can be divided into three regions, first a linearly elastic region, second
a yield region, and third a stiffening region. The first region6 referred to the notion that
stress is linearly proportional to strain and behaves elastically. That is, when the loads
are released the fiber model will return to its original, undeformed configuration. The
yielding point observed in the stress-strain curve, as the beginning of a distinct slope
change, indicates the transition of the material from being elastic to become irreversibly
deformed if increased load is applied. If the load is increased further, the strain increases
rapidly even for a small change in stress. This portion of the stress-strain curve is indicated
as yield region. This process, characterized by a near-zero slope to the stress-strain curve,
is often referred to as perfect plasticity. When the yield region has ended, a further load
can be applied to the fiber model, and the stress continues to rise with increasing strain,
which is indicated as the stiffening region. In order to test the strength of a fiber, tensile
loading is continued until the fiber ruptures. For metals, the stress-strain curve will reach
a peak before rupture. This point is the largest load the fiber can withstand before
breaking occurs. The maximum load defines the ultimate tensile strength, or loosely
known as strength of the fiber.
Figure 4.13B shows a schematic representation the crystalline units distribution in the
silk fiber. In the linear region I, the more compliant phase, namely the amorphous phase,
is the first to deform upon application of load. The initial resistance to deformation,
which determines its initial modulus, Einit, arises from the interchain bonds between the
molecules in the amorphous regions, the entanglements between the polypeptide chains,
which are present in the amorphous regions. The stiff crystalline units, which are randomly
distributed in the matrix restrict the free movement of the amorphous phase. Therefore,
in this region, the amorphous polypeptide chains are in a coiled state, where each bond
along the backbone adopts various configurations within the constraints given by the
crystalline crosslinks. The rotation of backbone bonds and their orientation along the
stretching, force along with hydrogen bond changes occurs locally and is reversible. Thus,
the lengthening of the fiber is the result of local reversible structural changes.
At the yield point, at which permanent deformation is initiated, crystals start to relocate,
the diameter of the silk fiber decreases, and polypeptide chains are aligned up to a certain
level. As shown in Figure 4.13B for the yield region (region II), the diameter of the silk
fiber decreases, and crystals in that area start to relocate into a section perpendicular to
the silk fiber axis. In this region, initially, there is only one accumulated crystal line, and
6This portion of the curve obeys Hooke’s law, the elastic modulus is the proportionality constant
between stress and strain σ = Einit ε.
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Figure 4.13: Rearrangement of crystalline units during loading. (A) A stress-strain curve
for dragline silk from the spider Araneus diadematus for a pulling velocity of 0.05 m/s. Three
regions can be distinguished: an initial linearly elastic region (I), a yield region (II), and
a stiffening region (III). (B) Schematic representation of the dragline silk fiber’s behavior,
specially crystal arrangement (thick black lines) in the amorphous matrix (green lines)
during deformation. In the linear elastic region, crystals are randomly placed in the silk
fiber and the polypeptide chains of the amorphous phase are in the coiled state. In the yield
region, the fiber diameter decreased at a certain section, where crystals are accumulated in
a line. In the stiffening region, crystals are aligned in a line at different sections. Crystals
finally periodically assemble in the lateral direction of the fiber. Horizontal accumulation of
crystals is marked by brown bands.
the amorphous polypeptide chains between and around theses aligned crystals are almost
straight. At that point, additional stress easily extends the fiber, resulting in a flattening
of the stress-strain curve.
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In the stiffening region III, crystals from a series like arrangement, and polypeptide chains
are straightened. Initially, the amorphous phase carries the load, move into an increasing
serial arrangement, and increasingly transfer it to the crystalline units. Due to the viscous
nature of the amorphous phase, it can be easily deformed, while crystalline units provide
the stiffness and restrict the deformation of the fiber. This is resulting into the observed
rearrangement of the crystalline units in the amorphous matrix. The last scheme in
Figure 4.13B demonstrates the accumulation of crystals at certain sections, where the
cross-section diameter is greater than the sections low in crystalline ratio. The slope of
the stress-strain curve of this region largely reflects the sliding resistance of the soft phase,
while crystals carry increasingly high load. Finally, the rupture point is reached because
the applied stress has surpassed the strength of the fiber, i. e., the strength of individual
crystals.
The stiffening region gives the strength and extensibility, and also crucially contributes to
the toughness of the fiber. Therefore, structural rearrangements in this region give hints
for the extraordinary mechanical properties of the silk fiber. In this region, a serial like
arrangement of crystalline units in the amorphous matrix is an unusual arrangement. In
this arrangement, the high extensibility originates from the amorphous phase because of
fewer crystals in that section. The high strength comes from the crystallites rich sections,
which carry high number of crystallites as compared to the purely random arrangement.
These sections obstrauct the extensibility and provide stiffness. This is resulted in high
toughness of the silk fiber. In the linearly elastic region, the initial stiffness is higher due
to the random arrangement of crystals in the fiber, not allowing for large extensions of
the amorphous matrix.
According to a previous study by Shin et al. [146], the enhancement of a hybrid fiber’s
toughness arises from the self-alignment and aggregation of nano-particles (stiff particles),
thereby providing strong interactions with the soft matrix, enhanced crack deflection, stiff-
ness, and promotion of plastic deformations of the stretched soft matrix. Also, Rathore
and Sogah [135] suggested that the poly (alanine) domain influences the solid-state prop-
erties of spider silk through β-sheet self-assembly into temporary cross-links. Thus, it is
concluded here that the high toughness of the silk fiber is due to a serial like arrangement
occurring as loading progresses. For explanatory purposes, clearly the series arrangement
in Figure 4.13B is shown.
It is important to note that this model is not able to reproduce the highly nonlinear
behavior of the so-called stiffening region, but instead gives an overall linear curve in this
regime III. Nevertheless, the notion of stiffening was kept with respect to the small softer
shoulder (region III). This failure of the fiber model might be due to the lack of chain
connectivity in the fully continuously modeled amorphous matrix. Further improvements,
e. g., by taking worm-like chain behavior into account, might depict this region more
accurately.
In the literature, not a single experiment is available that could describe effectively the
crystalline units arrangement in the amorphous matrix. However, on the one hand, there
are some studies suggested that the crystalline units are randomly distributed in the
amorphous matrix [64, 103]. On the other hand, some studies suggest that there is
semi-ordered pattern (in one cross-section there are high number of the crystalline units
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that followed by another cross-section of very less number of it) of the crystalline unit
distributions [135]. Therefore, in this thesis, different arrangements7, namely serial, semi-
ordered and fully random distributions of the crystalline units were modeled.
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Figure 4.14: Results of the toughness for three different arrangements, namely fully ran-
dom, semi-ordered and serial arrangement models with 25 % crystallinity. The toughness is
also computed for the fully random and the semi-ordered fiber models with slip and no-slip
conditions.
It is already concluded that the serial distribution of crystalline units and the amorphous
phase confers maximal toughness (Section 4.4.2) compared to other arrangements. More-
over, the semi-ordered models with slip and no-slip condition8 have a higher toughness
than the fully random model (Figure 4.14).
In the semi-ordered models, there is a predefined order of crystals in the amorphous phase,
which helps structural rearrangements. During loading, the sections where less the crystals
were available started deforming easily, while crystal rich sections provide the stiffness and
restrict the deformation of the fiber. Therefore, these structural rearrangements tend to
accumulate the crystals at a certain section. Thus, the predefined order of crystals in the
amorphous phase gives the higher toughness.
7In the serial arrangement, the crystalline and amorphous phases are modeled in an alternating fashion,
like slices. In the semi-ordered arrangement, during deformation the alternative arrangement of the
crystals and amorphous phases rich cross-sections were formed. As one goes along the axial direction of
the fiber model, the number of crystals is high in one cross-section and low in the next and continued. In
the fully random arrangement, the crystals are randomly distributed in the amorphous matrix, therefore,
there is no predefined order. As one goes along the axial direction of the fully random fiber model, nearly
the same number of crystals in all cross-sections was found.
8As discussed in Section 3.4, along the lateral directions, the viscous friction contacts were modeled
between the crystal and the amorphous phases. Therefore, as the applied forces overcome the sliding
resistance, the crystals start sliding from the amorphous phase. These contact definitions are defined
as the slip fiber models. The fiber models, where there is no viscous contact between the crystal and
amorphous phases, but instead they are directly connected to each other, are called the no-slip fiber
models.
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3D fiber Experimental work
Mechanical properties model results [40, 64, 101, 161, 168]
Ultimate Strength σmax [GPa] 0.50-0.67 0.65-1.61
Extensibility εmax [-] 0.32-0.36 0.23-0.45
Initial stiffness Einit [GPa] 6.5-8.1 3.8-10.0
Post-yield stiffness Epost [GPa] 1.1-1.7 1.5-5.1
Toughness [MJ m−3] 101-135 120-225
Hysteresis [%] 70-74 65-70.2
Table 4.1: Comparison of the tensile mechanical properties from simulations of the 3D
fiber model developed in this thesis with the experimental data for Araneus diadematus
dragline silks.
4.8 Concluding Remarks
The proposed bottom-up computational approach incorporated not only the crystalline
units as the elastoplastic and the amorphous phase as the viscoelastic material behav-
ior, but also the friction between them as they slide relative to each other. The fiber
model provides a deeper understanding for the mechanical behavior as well as structural
arrangements of each constituent. The mechanical properties such as strength, extensi-
bility, initial stiffness, post-stiffness, toughness, and hysteresis obtained from the FEM
simulations show excellent agreement with available experimental data (Table (4.1)).
The results from the newly developed model are partially in agreement with those obtained
previously using a more approximate linearly elastic 3D fiber model [24]. However, the
newly developed model in this thesis, correctly captures features of the nonlinearity of
the stress-strain curve and also depicts time-dependent mechanical properties such as
hysteresis (see Section 4.5).
The rate-dependent behavior of the amorphous phase is mainly responsible for the influ-
ence of the pulling velocity on the mechanical properties of the silk fiber. This model
demonstrated that silk fiber’s yield point, breaking strength, post-yield stiffness and
toughness increased with increasing pulling velocity, while extensibility and the diam-
eter of the silk fiber decreased. Thus, it suggests that the pulling velocity affects the time
given to the polypeptide chains of the amorphous phase for aligning along the loading
direction of the silk fiber. The crystalline units arrange themselves as the deformation
progresses and form crystalline rich domains alternating with domains rich in the amor-
phous phase. Therefore, while the initial stiffness of the fiber is due to the initial random
arrangement of crystals in the stiffening section, the combination of high extensibility (due
to the amorphous phase slabs) and high strength (due to the slabs of stiff crystals) results
in high toughness of the fiber. Thus, it is concluded that a self-ordering of the two con-
stituents in silk under load largely contributes to fiber toughness. For fast velocities the
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silk fiber model shows more significant richer domains of the crystalline and the amor-
phous phases than rich domains obtained at slow velocities, hence high toughness for the
fast velocities.
The 3D fiber model also showed that dragline silk fibers feature a balanced trade-off be-
tween strain, strength, and toughness by choosing a moderate crystallinity level of 15-35 %.
Different possibilities for the distribution of crystalline units provide advantages in specific
mechanical characteristics. It is found that 25 % crystallinity with a random distribution
yields a moderate elastic modulus, rupture strength, and rupture strain. Interestingly,
a significantly higher toughness can be achieved in fibers with a serial arrangement at
45-65 % crystallinity as previously found with a simpler fiber model [24]. One critical
shortcoming of the 3D silk fiber model is the lack of actual stiffening of the fiber in the
stiffening regime, denoted as such for consistency with experiments, even though stiffen-
ing is restricted to the very first part of the stress-strain curve (Figure 4.4). Incorporating
explicit chains in the amorphous matrix might give further insight into the source of this
stiffening.
The atomistic structure-based continuum model may provide an instrument that can
describe how the macro-scale material properties vary with the atomic structure. It
thus represents, an important tool in the field of artificial fiber design. The approach here
proposed can be extended to other bio-materials, and partially or highly ordered polymeric
and composite materials, which are characterized by a similar interplay between the of
structure at the nano-scale.
Chapter 5:
Summary and Conclusions
5.1 Summary
The goal of this thesis was to dissect the molecular basis of the time-dependent viscous
and highly nonlinear mechanics of spider dragline silk. To this end, a visco-elastoplastic
three-dimensional model of dragline silk was developed that accounts for the essential
plastic and the rate-dependent properties within the Finite Element Method. In order to
understand the necessary fundamentals of methods, a brief introduction to the Molecular
Dynamics method was presented firstly, thereafter continuum mechanical fundamentals
were presented and the Finite Element Method was discussed. On the basis of a bottom-up
computational approach, which incorporated the MD and FE simulations, the mechanical
properties of the crystalline units, the amorphous phase and the friction between them
were determined from all atom simulations, and those properties were used to perform
FE simulations on a larger scale. Thus, this continuum based model is free from purely
empirical parameters. In order to show its capabilities, tensile test simulations were car-
ried out on the proposed model, and the relevant mechanical parameters were obtained
from stress-strain curves. Subsequently, the influence of the distribution of stiff crystalline
units as well as their percentage on the mechanical properties was examined. Tensile test
simulations were also carried out on the fiber model for different pulling velocities to assess
the influence of the velocity on the mechanical properties of dragline silk fibers. Moreover,
the amount of hysteresis, a history-dependent mechanical property, which accounts vis-
coelasticity as well as irreversible deformation, was obtained by loading-unloading cycles,
and found to be comparable with available experimental data. Finally, a rearrangement
of crystalline units in the silk fiber model under tension was observed and discussed.
5.2 Conclusion and Discussion
Spider dragline silk is a remarkable material with outstanding mechanical properties.
Therefore, there is an interest in understanding and mimicking this material. Silk has
been in the focus of intense research using a wide variety of theoretical modeling and
experimental techniques. In spite of vast efforts, the molecular mechanism of straining silk
fibers and the source of the extraordinary toughness is not yet fully understood. The goal
of this thesis was to unravel the molecular determinants of the extraordinary mechanical
properties of dragline silk using a bottom-up computational approach. Silk fiber structures
are widely considered to be hierarchical, as all structural levels may respond to external
forces. However, the mechanical properties of the dragline silk are thought to be conferred
largely to the secondary structure of the amino acid motifs in the repetitive part of the
99
100 Chapter 5: Summary and Conclusions
proteins [74]. Thus, to understand dragline silk, one must understand the structure
as well as the mechanical properties of each constituent at the level of the secondary
structure (nanoscale).
In this work, the mechanical and structural parameters from atomistic calculations of
dragline silk’s constituents were used to develop continuum mechanics based models.
Dragline silk fibers consist of two major components, namely, the crystalline and the
amorphous phase. Therefore, the first goal of this thesis was to independently study the
individual constituent as well as their combination in dragline silk at the nanoscale. The
following are concluding remarks on the first goal of this thesis:
1. Crystalline units: The correlation between the all-atom simulations and FE anal-
ysis of the mechanical properties of crystalline units is established. FE analysis
reproduced the MD simulation results and suggests an elastoplastic material behav-
ior of the crystalline component.
The proposed continuum based crystalline model has many advantages, e. g., en-
ables to construct a 3D fiber model, in which this crystalline cubes are distributed
randomly, enabling to test fibers with modified parameters. Moreover, the model
takes into account the transverse shrinking of β-sheet crystallites and the irreversible
pulling out of β-strands of the crystalline unit. In fact, plastic deformation of the β-
sheet crystalline units turns out to be a very probable mechanism of the post-yielding
behavior of silk fibers. More importantly, crystalline units can be considered the
major source of plastic deformation in silk fibers, and the crystals were used to in-
troduce elastoplastic material characteristics into the 3D fiber model (discussed in
detail in Section 3.2).
2. Amorphous Phase: The viscous friction inherent to the amorphous phase of Ara-
neus diadematus silk was quantified using MD simulations. The friction coefficient of
the amorphous phase computed from the simulations is in the order of 10−6 Ns/m,
which is similar to the one derived for other protein bundles [54]. The obtained
coefficient of viscosity is in the order of 104 Ns/m2, which is similar to polymer
melts. According to the presented FE analysis of only the amorphous phase, this
magnitude of the coefficient of viscosity can account for the strain-rate-dependent
hysteresis commonly observed in loading-unloading tests of silk fibers. Load cycle
experiments by Gosline [64] gave a hysteresis for dragline silks of ∼ 65 % for a con-
stant strain rate in the range of 20-50 s−1. In close agreement, the presented studies
suggest a hysteresis of ∼ 70 % in the same range of constant strain rates.
Thus, it is concluded that the amorphous matrix, i. e., the disordered sequences in
spidroins, is the major determinant of the viscosity of spider silk (as discussed in
detail in Section 3.3). This analysis thus paved the way for a FE model of silk fibers
as a visco-elastoplastic material, which combines the elastoplastic crystals and the
viscoelastic amorphous matrix, in order to assess the determinants of its outstanding
toughness.
The dragline of Araneus diadematus, which is the silk investigated here, consists of
ADF-3 and ADF-4 (Araneus Diadematus Fibroin), and it remains unclear whether
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additional proteins play a significant role in silk assembly and the final silk struc-
ture [69, 74]. It is assumed that, based on amino acid composition, within the
dragline fiber the molecular ratio between ADF-4 and ADF-3 is ∼ 3 to 2 [69, 74]. In
the amorphous matrix, GPGXX and GGX motifs in ADF-3 are likely to form β-turn
spirals and 31-helices, respectively, while ADF-4 features only the GPGXX motif
with a propensity to form β-turn spirals [70]. The present study has been restricted
to ADF-4, for which one did not impose any particular secondary structure content,
resulting in a largely disordered bundle to represent the amorphous phase. While
the order of magnitude of the forces for rupture, and thus of the newly determined
coefficient of viscosity, are likely to remain unaffected by details of the sequence
and secondary structure, it remains to be investigated what the effect of mixing two
different spidroins and of including particular secondary structure motifs might be
on the internal molecular friction.
3. Friction between the crystalline and the amorphous phase: The viscous
friction between the amorphous phase and the crystalline unit of Araneus diade-
matus silk was quantified using MD simulations. The coefficient of viscosity of the
friction between them computed from the presented simulations is in the order of
102 Ns/m2. The presented FE model enables to predict frictional behavior between
these two components for the experimental range of relative pulling velocities. It is
concluded that a perfectly relative horizontal motion has no significant resistance
against sliding, however, a slightly inclined loading may cause a high resistance to
sliding.
This analysis was another important step towards the FE model of the silk fibers,
which allowed crystalline units to slide, move and rearrange themselves in the fiber
during loading, in order to assess the determinants of its outstanding toughness.
On the basis of these three major advances, the proposed bottom-up computational ap-
proach incorporated not only the crystalline units as the elastoplastic material and the
amorphous phase as the viscoelastic material, but also took into account the friction
between them as they slide relative to each other. The mechanical properties of the re-
sulting model, namely strength, extensibility, initial stiffness, post-stiffness, toughness,
and hysteresis obtained from the FEM simulations show satisfying agreement with avail-
able experimental data. This model provides a deeper understanding for the mechanical
behavior as well as structural arrangements of each constituent of the silk fibers.
The rate-dependent behavior of the amorphous phase is mainly responsible for the influ-
ence of the pulling velocity on the mechanical behavior of the silk fiber. It is demonstrated
that silk fiber’s yield point, breaking strength, post-yield stiffness and toughness increased
with increasing pulling velocity, while the extensibility and the diameter of the silk fiber
decreased. It is suggested that the pulling velocity affects the time given to the polypep-
tide chains of the amorphous phase to align along the loading direction of the silk fiber.
The crystalline units arrange themselves as the deformation progresses and form crys-
talline rich domains alternating with domains rich in the amorphous phase. Therefore,
while the initial stiffness of the fiber is due to the initial random arrangement of the
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crystals in the stiffening section, the combination of high extensibility (due to the amor-
phous phase slabs) and high strength (due to the slabs of stiff crystals) results in a high
toughness of the fiber. Thus, it is concluded that a self-ordering of the two constituents
in silk under load largely contributes to fiber toughness. Fast velocities result in a more
pronounced ordering of the crystalline and the amorphous phases than slow velocities,
and hence in a higher toughness of the fiber.
The 3D fiber model shows a hysteresis of the silk fiber of 72± 2 %, which is in close
agreement with previous values from loading-unloading experiments of 67.6± 2.6 % [40,
64, 161]. When dragline silk deforms, especially after the yield point, polypeptide chains
slide and reorient relative to each other as bonds between them break. After deforma-
tion into a new stable conformation, the polypeptide chains relax and form new bonds.
Therefore, upon unloading, this new conformation results in a permanent deformation
and prevents full recovery at relaxation. One should note that also here, this microscopic
interpretation cannot be inferred from finite element calculations, because theses effects
are only implicitly incorporated through viscosity and plasticity.
It is also showed that dragline silk fibers feature a balanced trade-off between strain
and strength, by choosing a moderate crystallinity composition between 15 and 35 %.
Different possibilities for the distribution of crystalline units provide advantages in specific
mechanical characteristics. It is found that 25 % crystallinity with a random distribution
yields a moderate elastic modulus, rupture strength, and rupture strain. Interestingly,
a significantly higher toughness can be achieved in fibers with a serial arrangement at
45-65 % crystallinity as previously found with a simpler fiber model [24].
5.3 Future Perspectives
The present study of multiscale modeling of dragline silk has opened several directions of
research, which are worthwhile to be followed up by further studies. The rate-dependent
behavior of the amorphous phase using a viscoelastic material model, which is based on
the power law viscoelastic model within the Finite Element Method was studied. A future
step will aim at creating a user defined material subroutine of the amorphous phase to
include effects such as stress/strain stiffening, kinematic hardening, fluidization, etc. This
user defined material model will improve the stress-strain behavior to obtain the stress
plateau after the yield point and actual stiffening of the fiber in the stiffening regime,
which will be consistent with experiments. A microscopic interpretation of stiffening
is the elongation of polypeptide chains in the amorphous matrix towards their contour
length. Combining a continuum description of the viscous amorphous matrix with discrete
polypeptide chains linking crystals might help to further elucidate the source of stiffening.
In experimental tensile tests of silk fibers, the fiber length is typically in the order of mm
and the diameter in µm. In the future to build the similar dimensions of the finite element
model will be possible by using the current fiber model as the representative element in
the full model.
This study has opened the perspectives and the possibility to now compare and validate
computational results with experiments with specific regards to the understanding of how
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different system parameters affect the silk structure and behavior at the nanoscale level.
In particular, the 3D fiber model allows to study the effect of water on the silk fiber
mechanics, and the analysis of its consequences on the stress-strain curve at all levels of
deformation. The results from such simulations could be used in the future to test what
now are just hypotheses on the water-mediated supercontraction and beyond. Also, the
atomistic structure-based continuum model to provide an instrument that can describe
how the macroscale material properties vary with the atomic structure. It is now feasible
to test silk from different spider species, i. e., with different sequences and secondary
structure.
Finally, studying of defects, crack formation and propagation patterns as well as system
flaws and void in the model will shed further light in the mechanics of silk, especially at
failure.
The presented bottom-up approach thus represents, an important tool in the field of artifi-
cial fiber design. The approach proposed here can be extended to other bio-materials, and
partially or highly ordered polymeric and composite materials, which are characterized
by a similar interplay of structure and mechanics on different scales.

Appendix A:
Additional Data
Ordering of crystallites under strain at 0.05 m/s
Figure A.1 shows the quantitative analysis of the crystalline unit distribution in the silk
fiber model for a pulling velocity of 0.05 m/s. As discussed in Section 4.6, every slab is
represented by one color according to the percentage of crystalline elements relative to
the average crystallinity at a given loading.
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Figure A.1: Distribution of crystalline unit in the silk fiber model at 0.05 m/s pulling
velocity (left). Coloring indicates the accumulation of crystalline elements (dark red indi-
cates richness and dark green indicates deficiency of elements) in cross-sectional slabs of
the fiber model, more precisely the deviation in crystallinity from the average calculated
at different strains. For the initial distribution of crystalline units (no load, i. e., ε = 0),
crystallinity is almost homogeneous (the continuous black line only marginally deviates from
the dashed line). At failure strain, ε = 0.42, the crystallinity shows the highest variation.
Root-mean-square deviation (RMSD) of the crystallinity in the fiber (black) as compared to
the theoretical homogeneous crystallinity distribution (blue) as a function of strain (right).
Snapshots of the crystal distribution at ε = 0 and ε = 0.42 are shown and marked by arrows.
At no load (ε = 0), crystalline units are distributed uniformly along the fiber axis, as
indicated by the absent of dark red or dark green regions. As load on the silk fiber
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model increases, first the amorphous phase starts deforming. Due to this deformation,
at several sections of the fiber, the stiff crystals rearrange accordingly. The quantitative
analysis of a pulling velocity of 0.05 m/s shows that there is the crystals rearrange in
the fiber model, however, the the crystals rearrangement for a pulling velocity 0.4 m/s
was stronger. Figure A.1 (right) shows the root-mean-square deviation (RMSD) of the
crystallinity along the fiber model as a function of strain in comparison with a theoretical
fully homogeneous crystallinity distribution. The RMSD for pulling velocities 0.4 is overall
higher than that obtained at 0.05 m/s. Therefore, the tendency of crystals to accumulate
for a velocity 0.05 is lower than the pulling velocity of 0.4 m/s.
RMSD for Varing Crystallinity
Figure A.2 shows the RMSD of different crystallinities in the silk fiber model at 0.4 m/s
pulling velocity. As crystallinity percentage increases in the silk fiber model, the RMSD
values also increase till 38 % crystallinity. In case of higher crystallinity (>38 %), there
is significant decrease of RMSD values. Crystallinity of 25 % to 38 % gives high RMSD
values. Therefore, in this range of crystallinity models have the tendency of crystals to
accumulate.
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Figure A.2: Heterogeneity of different crystallinity in the silk fiber model at 0.4 m/s
pulling velocity. The RMSD of the crystallinities of 15% (black), 25% (green), 38% (red)
and 60% (orange) in the fiber model as a function of strain in comparison with a theoretical
homogeneous crystallinity distribution (blue).
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Nomenclature
Following the works of de Boer [18] and Ehlers [49], the tensor calculus notations and
conventions that are used in this monograph are introduced.
Molecular Dynamics Symbols
Symbol Unit Discription
i, j index as subscripts range from 1 to N ; usually N = number of
atoms in the simulation system
m [amu] mass of an atomic particle
r [nm] position of an atomic particle
F [pN] force
U [pN nm] potential energy
K [pN/nm] spring constant
 [pN nm] strength of the interaction
σ [nm] distance at which the inter-particle potential is zero
q [C] particle with charge
0 [C
2/(pN
nm2)]
electrical permittivity of space
V [m/s2] velocity
N [-] residues, number of adhesive bonds
Ubond [pN nm] adhesive bond energy
m [-] cooperativity, number of bonds break collectively
a [nm] periodicity or lattice constant
x [nm] position of particle
γresi, γ0 [Ns/m] friction coefficient per bond
Famorph [pN] friction force within the amorphous phase
Fa−c [pN] friction force between the crystalline and amorphous phase
kB [J/K] Boltzmann constant
T [K] temperature
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Finite Element Method Symbols
Symbol Unit Discription
i, j, k indices as super- or subscripts range from 1 to N , where N = 3
in the usual 3D space of our physical experience
d differential operator
dt [s] time increment
dv [m3] actual volume element
dV [m3] reference volume element
N [-] number of Maxwell elements
V [m3] overall volume of B
Tu test spaces of the primary variables
ξ1, ξ2, ξ3 positive oriented orthonormal triad of vectors
Γ· Dirichlet and Neumann boundaries
δij = δji = δ
ji [-] Kronecker symbol
 [-] strain
η [Ns/m2] coefficient of viscosity
θi [·] general curvilinear coordinate
k [-] exponent governing the deformation dependency
σ [N/m2] stress
E0, En [N/m
2] elasticity constants (Young’s moduli)
τnτ¯n [s] relaxation and retardation time constant
ai, a
i [·] co- and contravariant actual coefficient
hi,h
i [·] co- and contravariant reference coefficient
J [-] Jacobian determinant
k0, kn [N/m
2] bulk moduli
t [s] time
φ [J/(Km2
s)]
entropy efflux scaler
n [-] outward oriented unit surface normal vector
t [Ns/m2] surface traction vector acting on S
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u [m] displacement
x˙ = v [m/s] velocity
x¨ [m/s2] acceleration
Ψ [·/m3] volume-specific densities of scalar mechanical quantities
Ψˆ [·/m3] volume-specific productions of scalar mechanical quantities
Ψ [·/m3] volume-specific densities of vectorial mechanical quantities
Ψˆ [·/m3] volume-specific productions of vectorial mechanical quantities
b [m/s2] mass specific body force vector
da [m2] oriented actual area element
dA [m2] oriented reference area element
df [N] contact force element
dx [m] actual line element
dX [m] reference line element
B aggregate body
P material points
S surface of the aggregate
ek [-] orthonormal (rectangular Cartesian) basis vectors
χ,χ−1 motion and inverse motion function of the constituents
σ [Ns/m2] stress tensor of the linear theory
τ [Ns/m2] Kirchhoff stress tensor
A [-] contravariant Almansian strain tensor
B [-] left Cauchy-Green deformation tensor
C [-] right Cauchy-Green deformation tensor
E [-] right Green-Lagrangean strain tensor
F [-] material deformation gradient tensor
I [-] identity tensor (2nd-order fundamental tensor)
P [Ns/m2] 1st Piola-Kirchhoff stress tensor
R [-] rotation tensor of the polar decomposition of F
S [Ns/m2] 2nd Piola-Kirchhoff stress tensor
T [Ns/m2] total Cauchy stress tensor
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U [-] right stretch tensor of the polar decomposition of F
V [-] left stretch tensor of the polar decomposition of F
Acronyms
Selected
Acronym
Definition
A Polyalanine
ADF Araneus Diadematus Fibroin
AFM Atomic Force Microscopy
AG Polyalanyl-Glycine
COM Center of Mass
DOF Degrees of Freedom
EPVE Effective Properties Volume Element
FEM Finite Element Method
FPMD Force-Probe Molecular Dynamics
GROMACS GROningen MAchine for Chemical Simulations
IBVP Initial-Boundary-Value Problem
MA Major Ampullate
MaSp Major Ampullate Spidroins
MD Molecular Dynamics
NMR Nuclear Magnetic Resonance
NPT Normal Pressure(1 bar) Temperature(300 K)
ODE Ordinary Differential Equation
OPLS Optimized Potentials for Liquid Simulations
PBC Periodic Boundary Conditions
PDE Partial Differential Equations
PME Particle-Mesh Ewald
QM Quantum Mechanics
RMSD Root-Mean-Square Deviation
SASA Solvent Accessible Surface Area
VMD Visual Molecular Dynamics
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